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Abstract

The first half of the thesis focuses on the geometry of numbers, specifically the theory
of height functions and kernels. The main idea introduced in the first half of the
thesis is the dyadic trace, a new and useful height function. The second half of the
thesis focuses on Siegel modular forms. The main result is the Semihull Theorem for
Siegel modular forms. The Problem of Witt is solved using theory developed in this
thesis.
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Preface

Siegel modular forms are a generalization of classical modular forms, sharing many
properties with them. Siegel modular forms are defined on Siegel upper half-space,
a space of matrices remarkably similar to the upper half-plane. Furthermore, Siegel
modular forms have unique Fourier expansions, and the space of Siegel modular forms
of a given dimension and weight is a finite-dimensional vector space. See Geer (2007)
and Klingen (1990) for surveys of results on Siegel modular forms, and see Hulek and
Sankaran (1998) for applications of Siegel modular forms.

Siegel proved that one needs only finitely many Fourier coefficients to completely
determine a Siegel modular form, so one naturally wonders how many Fourier coeffi-
cients are necessary. One could also phrase this question as, given two Siegel modular
forms, how many of their Fourier coefficients do we need to compare before we can
say the two forms are equal?.

For most of the 20th century, the best lower bounds for the number of necessary
Fourier coefficients were very large. In 1990, for example, Schiemann showed that
two forms were equal by showing that 375 of their Fourier coefficients were equal.
The large number of Fourier coefficients that need to be tracked obviously makes
computations very difficult. In 2000, Cris Poor and David S. Yuen proved the Semihull
Theorem, and that theorem provided much more manageable lower bounds. For
dimension 4 Siegel cusp forms (an important subclass of Siegel modular forms), for
example, we need only 1 Fourier coefficient in weight 6, 2 Fourier coefficients in weight
8 and 10 Fourier coefficients in weight 10.

The Semihull Theorem is the central result of this thesis. Poor and Yuen came
to realize that with a better understanding of the geometry of numbers, one can
reason about Siegel modular forms much more clearly. The theorem is so named
because it is phrased entirely in terms of semihulls, geometric objects. The Fourier
coefficients of a Siegel modular are indexed by symmetric matrices that lie discretely
in a Euclidean space. The indices of nonzero Fourier coefficients determine a semihull
with some special properties. In particular, the semihull of a Siegel cusp form is a
kernel, meaning that it does not approach the origin, and that in some sense it is
wide. The Semihull Theorem says that if the semihull of a function is sufficiently far
from the origin then the function vanishes.

The first chapter of the thesis defines the mathematical objects that will be used
throughout the thesis. After the first chapter, there are two primary sections. The
first section focuses on the geometry of numbers, with no mention of Siegel modular
forms. The second section defines Siegel modular forms and then proves the Semihull
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Theorem and two corollaries. The final chapter applies the theorems to address a
mathematical question known as the Problem of Witt.



Chapter 1

Preliminaries

This chapter introduces the background/notation one needs to understand the thesis.

1.1 Lattices

Lattices will be present throughout this thesis.

Definition 1.1.1. Lattice
Let β = {v1, . . . , vr} ⊂ Rn be any set of linearly independent column vectors. The
lattice generated by β is the set:

Λβ = spanZ{v1, . . . , vr}

Definition 1.1.2. Gram Matrix
Let M be the n× r matrix whose columns are v1, . . . , vr, let M ′ denote its transpose
and let S = M ′M , an r× r matrix regardless of the dimension of the ambient space.
We call S a Gram matrix of λβ. The Gram matrix of M takes the form:

S =


〈v1, v1〉 〈v1, v2〉 . . . 〈v1, vr〉
〈v2, v1〉 〈v2, v2〉 . . . 〈v2, vr〉

...
...

. . .
...

〈vr, v1〉 〈vr, v2〉 . . . 〈vr, vr〉


where 〈·, ·〉 denotes inner product. The Gram matrix of a lattice is not unique, because
lattices can have many ordered bases. Furthermore, a Gram matrix can correspond
to ‘different’ (but necessarily isometric) lattices.

Definition 1.1.3. Integral Lattice
Let Λ be a lattice. We say that Λ is integral if 〈v, ṽ〉 ∈ Z for all v ∈ Λ, or equivalently,
if all Gram matrices of Λ have integer entries.

Definition 1.1.4. Even Lattice
Let Λ be an integral lattice. We say that Λ is even if 〈v, v〉 = |v|2 ∈ 2Z for all v, ṽ ∈ Λ.
The relevant condition in terms of Gram matrices is that the Gram matrices of Λ have
even numbers down the diagonal, and integers off the diagonal.
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Definition 1.1.5. Unimodular Lattice
Let Λ be an integral lattice, and let S be a Gram matrix for Λ. We say that Λ is
unimodular if detS = 1.

1.2 Positive Definite and Semidefinite Matrices

The n× n symmetric real matrices form a Euclidean space with inner product

〈S, T 〉 = tr (ST )

that we denote Vn. For any S ∈ Vn and any column vector v ∈ Rn, introduce the
notation:

S[v] = v′Sv

where v′ is the transpose of v.

Definition 1.2.1. Positive Definite and Semidefinite Matrices
Let S ∈ Vn. We say S is positive definite if S[v] > 0 for all nonzero v ∈ Rn, positive
semidefinite if S[v] ≥ 0 for all v ∈ Rn. The space of n× n positive definite matrices
is denoted Pn, and the space of n × n positive semidefinite matrices is denoted Pn.
Here Pn is so denoted because it is the topological closure of Pn.

There are plenty of ways to characterize positive definite and semidefinite matrices.

Proposition 1.2.1. Characterizing Properties for Positive Definite Matrices
Let S be an n× n symmetric real matrix. The following are equivalent:

1. S is positive definite.

2. S[v] > 0 for all nonzero v ∈ V .

3. Every eigenvalue of S is positive.

4. The determinant of the upper left k× k corner of S is positive for k = 1, . . . , n.

5. There exists a matrix M , with detM > 0, such that S = M ′M .

6. There exists a unique, positive definite matrix R such that S = R2. We can
refer to R as S1/2, since R is a square root.

Replacing every > by a ≥ in items 2 through 5 produces the relevant charac-
terizing conditions for semidefinite matrices.

The equivalence of these conditions is well-known. See Bhatia (2007) for more on
positive definite matrices.

Let V ∈ GLn(Z). Extend the notation from earlier to allow S[V ] = V ′SV. If S is
a Gram matrix for some matrix M then:

S[V ] = V ′SV = V ′M ′MV = (MV )′(MV )
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Since the columns for M form a basis of a lattice, and the columns of MV are
integral linear combinations of the columns of M having the same total rank (since
V is invertible), it follows that MV is also a basis of the same lattice, and so S[V ] is
also positive definite. Thus, given a lattice and a Gram matrix S, we can write [S]
to denote S[GLn(Z)], with the understanding that [S] denotes the set of all possible
Gram matrices for the lattice’s isometry class.

The set Pn doesn’t carry a total ordering, but one can impose a partial ordering
on its elements by setting S > T if S − T ∈ Pn.

1.3 Dyadic Matrices

Definition 1.3.1. Dyadic Square
Let v ∈ Rn. The dyadic square of v is the n× n matrix vv′.

Lemma 1.3.1. Dyadic Squares are Positive Semidefinite

Proof. Let z, v ∈ Rn. Then:

(zz′)[v] = v′(zz′)v = (v′z)(z′v) = 〈v, z〉2 ≥ 0

An identity that relates dyadic squares to the operation S[·] is:

S[v] = v′Sv = tr (v′Sv) = tr (Svv′) = 〈S, vv′〉

Definition 1.3.2. Dyadic Matrix
Let S ∈ Pn be a matrix. We say that S is a dyadic matrix if there exist finitely many
αi ∈ R>0 and zi ∈ Zn such that:

S =
∑
i

αiziz
′
i

It is easy to see that every diagonal matrix D with diagonal entries d1, . . . , dn ∈ R≥0

is dyadic using the formula:

D =
n∑
i=1

dieie
′
i

We say S is diagonally dominant if the entries of S, denoted sij, satisfy:

sii ≥
∑
j 6=i

|sij| for all i.

Every diagonally dominant S has the following dyadic representation:

S =
∑
i

(
sii −

∑
j 6=i

|sij|

)
eie
′
i +
∑
i<j

|sij|(ei + sgn(sij)ej)(ei + sgn(sij)ej)
′
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For matrices in Pn(Q), we can use the Completing the Square algorithm (see Ap-
pendix A). The algorithm produces, for any S ∈ Pn(Q), an expression:

S =
n∑
i=1

αiziz
′
i

where the αi ∈ Q≥0 and zi ∈ Qn. By absorbing the denominators of the zi into the
αi, we can transform the expression into a dyadic representation of S. Thus, positive
matrices with rational entries are dyadic. Finally, the property of being dyadic is
linear, i.e. if S, T are dyadic and c ∈ R>0, then S + T and cS are also dyadic.

Proposition 1.3.1. Positive Matrices are Dyadic
Let S ∈ Pn be any real-valued, positive matrix. Then S is dyadic.

Proof. We show that any S ∈ Pn can be broken down as S = R+T , where R ∈ Pn(Q)
and T is a diagonally dominant matrix.

Let λ ∈ R>0 be such that the matrix S − λI ∈ Pn. Let R ∈ Pn(Q) be a matrix
whose entries differ from those of S−λI by at most λ/n. Such a matrix exists because
Pn(Q) is a dense subset of Pn.

Let T = S − R = (S − λI − R) + λI. Then the-off diagonal entries of T and the
off-diagonal entries of S − λI −R are equal, and the entries of the second matrix are
smaller than λ/n, so the sum of the off-diagonal entries along any row of T is at most
λ(n−1)/n. Furthermore, the diagonal entries of T are at least λ−λ/n = λ(n−1)/n,
so T is diagonally dominant, and thus dyadic. Thus, S is dyadic.

1.4 Geometry

Throughout this section, V denotes a Euclidean space.

Definition 1.4.1. Cone
A subset C ⊂ V is called a cone if C is closed under addition and R>0-dilations.
Equivalently, C is a cone if it is convex and closed under R>0-dilations.

Definition 1.4.2. Cone of a Set
Let S ⊂ V . The cone generated by S is:

〈R>0S〉 = spanR>0
S =

{∑
λivi : vi ∈ S, λi ∈ R>0

}
Definition 1.4.3. Dual Cone of a Set
Let S ⊂ V . The dual cone of S is:

S∨ = {v ∈ V : 〈v,S〉 ⊂ R≥0}

It is clear that the dual cone of any set is a cone, because for any v, w ∈ S∨, λ ∈ R>0,
s ∈ S:

〈λv, s〉 = λ 〈v, s〉 ≥ 0

〈v + w, s〉 = 〈v, s〉+ 〈w, s〉 ≥ 0
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Proposition 1.4.1. Dual of Pn
Let T ∈ P∨n . Then T ∈ Pn.

Proof. Let v ∈ Rn. For any S ∈ Pn and ε ∈ R>0, vv′ + εS ∈ Pn, so:

〈T, vv′ + εS〉 = 〈T, vv′〉+ ε 〈T, S〉 = T [v] + ε 〈T, S〉 ≥ 0

Let ε→ 0 to see that T [v] ≥ 0.

Definition 1.4.4. Semihull
A subset M∈ V is called a semihull if M is convex and closed under R≥1-dilations.
Equivalently, we can say that M is closed under superconvex combinations.

Definition 1.4.5. Semihull of a Set
The semihull of a set S ⊂ V is:

〈R≥1S〉 =

{∑
i

λivi : vi ∈ S, λi ∈ R≥0,
∑
i

λi ≥ 1

}

Definition 1.4.6. Dual Semihull of a Set
The dual semihull of a set S ⊂ V is:

St = {v ∈ V : 〈v,S〉 ⊂ R≥1}

We can show that the dual semihull of a set is a semihull: if v ∈ St, then for any
λ ∈ R≥1 and any s ∈ S, 〈λv, s〉 = λ 〈v, s〉 ≥ λ ≥ 1. Furthermore, for any w ∈ St and
for any λ ∈ (0, 1):

〈λv + (1− λ)w, s〉 = λ 〈v, s〉+ (1− λ) 〈w, s〉 ≥ λ+ 1− λ = 1

which shows that λv + (1− λ)w ∈ St, so St is convex, and thus a semihull.
The dual cone and the dual semihull of any set are necessarily closed by continuity

of the inner product. Also, for any A,B ⊂ V :

A ⊂ B ⇐⇒ B∨ ⊂ A∨

and

A ⊂ B ⇐⇒ Bt ⊂ At

Proposition 1.4.2. Semihull Decomposition
LetM⊂ V be a nonempty closed semihull. Let v ∈ V be arbitrary, and let c ∈M be
the closest point in M to v. Such a point necessarily exists because M is nonempty
and closed, and that point is unique because M is convex. Then:

c− v ∈ 〈R>0(M− c)〉∨ and 〈c, c− v〉 ≥ 0
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Proof. Let c be the closest point in M to v. For all other m̃ ∈M:

|m̃− v| ≥ |c− v|

Let d = v − c. We need to show d ∈ 〈R>0(M− c)〉∨, i.e.:

〈v − c, 〈R>0(M− c)〉〉 ⊂ R>0.

By linearity of the inner product, it suffices to show:

〈v − c, (M− c)〉 ⊂ R>0

Let m ∈M be arbitrary. For any r ∈ [0, 1], we have:

rm+ (1− r)c = r(m− c) + c ∈M

because M is convex. Thus, letting m̃ = r(m− c) + c gives us the following display:

0 ≤ |r(m− c) + c− v|2 − |c− v|2 = |r(m− c) + d|2 − |d|2

We can rewrite the display using inner products:

0 ≤ 〈r(m− c) + d, r(m− c) + d〉−〈d, d〉 = r2 〈m− c,m− c〉+2r 〈m− c, d〉+〈d, d〉−〈d, d〉

∴ 0 ≤ r2|m− c|2 + 2r 〈m− c, d〉

If 〈m− c, d〉 < 0, then for r < 〈c−m, d〉 /|m−c|2, the inequality in the display above
doesn’t hold. Thus, 〈m− c, d〉 ≥ 0, so d ∈ 〈R>0M− c〉∨ as claimed.

Next, we show that 〈c, d〉 ≥ 0. By the same reasoning as earlier, we know that for
any r > 0, (r + 1)c ∈ M by closure under R≥1-dilations. Thus, setting m̃ = (r + 1)c
yields the following display:

〈(r + 1)c− v, (r + 1)c− v〉 − 〈c− v, c− v〉 ≥ 0

Expanding out the inner products and then simplifying the expression gives us:

0 ≤ r2|c|2 + 2r 〈c, d〉

Once again, letting r → 0+ shows that 〈c, d〉 ≥ 0, because for very small r, we have
sgn(r2|c|2 + 2r 〈c, d〉) = sgn(〈c, d〉).

Proposition 1.4.3. Empty Dual Semihull
Let M be a closed semihull. Then:

Mt 6= ∅ ⇐⇒ 0 /∈M

Proof. First, I’ll take care of some easy cases. Suppose 0 ∈ M. For all v ∈ V ,
〈v, 0〉 = 0 < 1, so v /∈Mt. Thus, Mt = ∅.

Next, suppose 0 /∈ M. If M = ∅, then Mt = V , so again the proposition holds.
Otherwise,M 6= ∅. By semihull decomposition, we know that we can write 0 = c−d,
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where c ∈ M is the closest point to 0, and d ∈ 〈R>0M− c〉∨. Obviously, c = d for
this particular choice of v, so we also have c ∈ 〈R>0M− c〉∨. Let c̃ = c/|c|; note that
c̃ ∈ 〈R>0M− c〉∨. For any m ∈M:

〈m, c̃〉 = 〈m− c̃, c̃〉+ 〈c̃, c̃〉 = 〈m− c̃, c̃〉+ |c̃|2

We know |c̃| = 1, and because c̃ ∈ 〈R>0M− c〉∨, 〈m− c̃, c̃〉 > 0. Thus:

〈m, c̃〉 > |c̃| = 1 =⇒ c̃ ∈Mt

so Mt 6= ∅.

Proposition 1.4.4. Duality
Let M⊂ V be a nonempty semihull whose closure doesn’t contain 0. Then:

Mtt =M

Proof. First, observe that M ⊂ Mtt because 〈M,Mt〉 ⊂ R≥1 and because the
inner product is continuous. Thus we only need to show Mtt ⊂M.

Let z ∈ Mt. Such a z exists because 0 /∈ M. Fix v ∈ Mtt. By Prop. 1.4.1.,
there exists c ∈M and d ∈

〈
R>0M− c

〉∨
such that v = c−d, 〈c, d〉 ≥ 0. To complete

the argument, we can show that d = 0.
For all m ∈ M, we know that 〈m− c, d〉 ∈ R≥0 because d ∈ 〈R>0M− c〉∨, and

we know 〈m, z〉 ≥ 1 because z ∈Mt, so we have:

〈m− c, d〉 ≥ 0 =⇒ 〈m, d〉 ≥ 〈c, d〉 ≥ 0.

Thus, for all r ∈ R>0,

〈m, z〉 ≥ 1 =⇒ r 〈m, z〉 = 〈m, rz〉 ≥ r =⇒ 〈m, rz〉+ 〈c, d〉 ≥ 〈c, d〉+ r

which allows us to deduce that:

〈m, rz + d〉 = 〈m, rz〉+ 〈m, d〉 ≥ 〈m, rz〉+ 〈c, d〉 ≥ 〈c, d〉+ r.

The results of the display hold for all m ∈M, r ∈ R>0 so we can rewrite it:

(∀r ∈ R>0) 〈M, rz + d〉 ≥ 〈c, d〉+ r.

This is equivalent to:
rz + d

〈c, d〉+ r
∈Mt

Now, since v ∈Mtt, we have:

(∀r ∈ R>0)

〈
v,

rz + d

〈c, d〉+ r

〉
≥ 1 so 〈v, rz + d〉 ≥ 〈c, d〉+ r

If we let r → 0, we can use the continuity of the inner product to deduce that:

〈v, d〉 ≥ 〈c, d〉 =⇒ 0 ≥ 〈c, d〉 − 〈v, d〉 = 〈c− v, d〉 = 〈d, d〉 = |d|2

Thus, d = 0, so v ∈M as claimed.





Chapter 2

Height Functions and Kernels

2.1 Definitions and Basic Properties

2.1.1 Height Functions

We want to be able to order the positive matrices, so we introduce an auxiliary
function called a height function that assigns a “height” to positive matrices.

Definition 2.1.1. Height Function
Let C be a cone of positive semidefinite matrices that contains the cone of positive
matrices, i.e. let Pn ⊆ C ⊆ Pn.

A function φ : C −→ R≥0 is called a height function if it has the following prop-
erties:

1. For any S ∈ Pn, φ(S) ∈ R>0.

2. For any λ ∈ R>0 and S ∈ C, φ(λS) = λφ(S).

3. For all S, T ∈ C, φ(S) + φ(T ) ≤ φ(S + T ).

If a height-function has the property φ([S]) = φ(S) for all S ∈ dom φ, we say
that φ is a class function. For reasons that will be clear later, we will not distinguish
between height functions that agree on Pn.

Lemma 2.1.1. Height functions preserve order
Let φ : C → R≥0 be a height function, and let S, T ∈ C be such that S < T . Then
φ(S) < φ(T ).

Proof. Since S < T , there exists U ∈ Pn such that S + U = T . By superadditivity:

φ(T ) = φ(S + U) ≥ φ(S) + φ(U) > φ(S)

Proposition 2.1.1. Height functions are continuous on Pn.
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Proof. Let ε > 0 be given, and let S ∈ Pn be arbitrary. Take q ∈ (0, 1) such that
qφ(S) < ε. Define a neighborhood of S as follows:

NS = {T ∈ Pn : (1− q)S < T < (1 + q)S}.

Now, we have that:

ε > qφ(S) =⇒ −ε < −qφ(S) =⇒ φ(S)− ε < (1− q)φ(S)

and for all T ∈ NS, we have:

φ(S)− ε < (1− q)φ(S) + φ(T − (1− q)S)

since T > (1 − q)S means T − (1 − q)S ∈ Pn. By superadditivity and homogeneity,
we have:

(1− q)φ(S) + φ(T − (1− q)S ≤ φ(T )

so we’ve shown φ(S)− ε < φ(T ).
Since (1 + q)S > T , (1 + q)S − T ∈ Pn, so φ((1 + q)S − T ) > 0, which gives us:

φ(T ) < φ(T ) + φ((1 + q)S − T ).

By superadditivity,

φ(T ) + φ((1 + q)S − T ) ≤ φ((1 + q)S) = (1 + q)φ(S) < φ(S) + ε

In sum, we’ve shown that φ(S) − ε < φ(T ) < φ(S) + ε, so |φ(T ) − φ(S)| < ε for
all T ∈ NS, so φ is continuous on Pn.

2.1.2 Examples of Height Functions

There are many famous height functions that arise in linear algebra.
For example, one can easily verify that the trace is a height function. To see that

the trace is nonnegative on Pn, it suffices to observe that sii = S[ei] ≥ 0 by positive
semidefiniteness. Thus, the trace is a sum of nonnegative real numbers. Homogeneity
and superadditivity follow from the linearity of the trace.

The trace isn’t a class function, but it has other interesting properties. Specifically,
a matrix S ∈ Pn is 0 if and only if tr (S) = 0. Furthermore, for any c ∈ R>0, the set:

{S ∈ Pn : tr (S) ≤ c}

is compact.

Proposition 2.1.2. Dilational Dominance of the Trace
Let φ : C → R≥0 be a height function. There exists a φ-dependent constant c with
the property that:

φ(S) ≤ ctr (S) for all S ∈ C
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Proof. Start by defining a compact set:

K = {T ∈ Pn : tr (T ) ≤ 1}

Let N be the translation of K by In. It is clear that N is also compact. Furthermore,
one can easily very that N ⊂ Pn, because for any T ∈ K and any v ∈ Zn:

(T + In)[v] = T [v] + In[v] ≥ In[v] > 0

Thus, N is a compact subset of Pn. Since φ is continuous on Pn, it must be bounded
on N by some constant c, so φ(N) ⊂ [0, c].

Let S ∈ C be nonzero, and let S̃ = S/tr (S). Clearly, S̃ ∈ K because tr (S̃) = 1.
Thus,

φ(S̃) < φ(S̃) + φ(In) ≤ φ(S̃ + In) ≤ c

and by homogeneity,
φ(S) = tr (S)φ(S̃) ≤ ctr (S)

as desired.

Three other height functions that will be useful later on are the least eigenvalue,
denoted λ1, and the reduced determinant, denoted δ:

λ1(S) = min{eigenvalues of S} δ(S) =
n
√

detS ρ(S) = min
V ∈GLn(Z)

tr (S[V ])

Both of these functions are defined on all of Pn, but vanish off Pn. Furthermore, both
of them are class functions.

2.1.3 Kernels

Let K ⊂ Pn be a semihull. We say that K is a kernel if K satisfies the following:

1. Pn ⊂ R>0K

2. 0 /∈ K

It should be obvious that a semihull K is a kernel if and only if K is a kernel.

Lemma 2.1.2. Kernels Expand in all Directions
Let K be a kernel, S ∈ K. Then S + Pn ⊂ K.

Proof. Let U ∈ Pn, and set T = S + U . Since Pn ⊂ R>0K, there exists r ∈ R>0 for
which rU ∈ K. A quick computation shows:

r

r + 1
T =

r

r + 1
S +

r

r + 1
U =

r

r + 1
S +

1

r + 1
rU

Thus, r/(r + 1)T ∈ K because K is convex, so T ∈ K because K is closed under
R≥1-dilations.
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Proposition 2.1.3. Persistence of Closure
For any kernel K, we have:

K = K ∩ Pn = K ∩ Pn(Q)

Proof. It is obvious that K ⊃ K ∩ Pn ⊃ K ∩ Pn(Q), so it suffices to show that
K ⊂ K ∩ Pn(Q).

Recall that Pn is an open space in Vn, and In ∈ Pn, so there exists a neighborhood
N of I that is entirely contained in Pn.

Now, let S ∈ K. Let {Si} ⊂ K be a sequence that approaches S. By the pre-
ceding lemma, the set of neighborhoods {Si + 1

i
N} must also lie in K because the

neighborhoods contain only positive matrices. Furthermore, each of those neighbor-
hoods contains matrices in Pn(Q). Thus, we can define a sequence {S̃i}, with each
S̃i ∈ ((Si+

1
i
N)∩Pn(Q)), that lies in K and approaches S. Thus, S ∈ K ∩ Pn(Q).

In general, we will not make a distinction between kernels that have the same
closure.

Lemma 2.1.3. Containment
Let K be a closed kernel, and let S ⊂ Pn. Suppose Kt ∩ Pn(Q) ⊂ St. Then S ⊂ K.

Proof. We have:

Kt ∩ Pn(Q) ⊂ St

Since St is closed, we can take the closure of the left hand side of the display and
preserve the containment:

Kt ∩ Pn(Q) ⊂ St

By Prop. 2.1.3, and the fact that duals are always closed, we have Kt ∩ Pn(Q) = Kt,
so:

Kt ⊂ St =⇒ Stt ⊂ Ktt

But Ktt = K = K, and S ⊂ Stt = 〈R≥1S〉, so:

S ⊂ K.

2.2 Height Function-Kernel Correspondence

Definition 2.2.1. Kernel of a Height Function
Let φ : C → R≥0 be a height function. The kernel of with φ, denoted Kφ, is φ−1(R≥1).

Proposition 2.2.1. Kernel of a Height Function
Let φ : C → R≥0 be a height function. Then Kφ is a kernel.
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Proof. It is clear that Kφ ⊂ Pn, because C ⊂ Pn. If S ∈ Kφ, and r ∈ R≥1, then
φ(rS) = rφ(S) ≥ r ≥ 1, so Kφ is closed under R≥1-dilations. Furthermore, if
S, T ∈ Kφ, and 0 < λ < 1, then by superadditivity and then homogeneity:

φ(λS + (1− λ)T ) ≥ φ(λS) + φ((1− λ)T ) = λφ(S) + (1− λ)φ(T )

Since φ(S), φ(T ) ≥ 1, we get:

φ(λS + (1− λ)T ) ≥ λ+ (1− λ) = 1

which shows that Kφ is convex. Thus, Kφ is a semihull in Pn.
Now we can check the conditions in the definition of a kernels. For any S ∈ Pn,

φ(S) = c > 0, so φ(c−1S) = 1 by homogeneity, which shows that c−1S ∈ Kφ. Thus,
Pn ⊂ R>0Kφ.

The final thing to check is that 0 /∈ K. If {Si} ⊂ C approaches 0, then {tr (Si)}
must also approach 0. By the dilational dominance of the trace, that means {φ(Si)}
must approach 0, so the sequence is not entirely contained in Kφ. Thus, 0 is not a
limit point of Kφ, so Kφ is a kernel.

Definition 2.2.2. Height Function of a Kernel
Let K be a kernel. The height function associated with K, which depends only on
the closure of K, is:

φK(S) =
1

inf{r ∈ R>0 : rS ∈ K}
(S ∈ Pn)

Since K is a kernel, 0 6∈ K, and since Pn ⊂ R>0K, for any S ∈ Pn, the set

{r ∈ R>0 : rS ∈ K}

must have positive lower bound. Thus, there is no risk of division by zero.
We can also characterize the height function of a kernel using one of the following

equivalent properties:

R>0S ∩ φK(S)K = R≥1S or R>0S ∩ K = R≥1/φK(S)S

Proposition 2.2.2. Height Function of a Kernel.
Let K be a kernel. Then φK is a height function.

Proof. It is clear that the domain of φK is simply R>0K, a cone of positive semidefinite
matrices that contains the cone of positive matrices. Furthermore, the definition of
φK makes it clear that φK is positive on Pn.

Homogeneity follows from the definition:

φK(λS) =
1

inf{r ∈ R>0 : r(λS) ∈ K}
=

1

λ−1inf{r ∈ R>0 : rS ∈ K}

=⇒ φK(λS) = λ · 1

inf{r ∈ R>0 : rS ∈ K}
= λφK(S)
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In order to show superadditivity holds, first observe that for any S ∈ R>0K:

S

φK(S)
= S · inf{r ∈ R>0 : rS ∈ K} =⇒ S

φK(S)
∈ K

Now let S, T ∈ R>0K, and check that:

S + T = (φK(S) + φK(T )) ·
(

φK(S)

φK(S) + φK(T )

S

φ(S)
+

φK(T )

φK(S) + φK(T )

T

φ(T )

)
Since S

φK(S)
, T
φK(T )

∈ K and K is convex, it follows that:(
φK(S)

φK(S) + φK(T )

S

φ(S)
+

φK(T )

φK(S) + φK(T )

T

φ(T )

)
∈ K

so

S + T ∈ (φK(S) + φK(T ))K.

Proposition 2.2.3. Correspondence of Height Functions and Kernels
Recall that kernels are equivalent if they have the same closure, and height functions
are equivalent if they agree on Pn.

For any height function φ:

φKφ |Pn = φ|Pn
and for any kernel K:

KφK = K

Proof. Let φ be given. Then for any S ∈ Pn, we can use the definition of the height
function of a kernel to show:

φKφ(S) =
1

inf{r ∈ R>0 : rS ∈ Kφ}

Since Kφ = φ−1(R≥1), it is clear that inf{r ∈ R>0 : rS ∈ Kφ} = 1
φ(S)

, so:

φKφ(S) =
1
1

φ(S)

= φ(S)

Now let a kernel K be given, and suppose S ∈ KφK . By definition of kernel of a height
function, we have φK(S) ≥ 1. By the characterizing property for kernels of height
functions:

R>0S ∩ K = R≥1/φK(S)S

Since φK(S) ≥ 1, 1
φK(S)

≤ 1, so S ∈ R≥1/φK(S)S ⊂ K.
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2.3 Duality

2.3.1 Dual of a Height Function

Definition 2.3.1. Dual of a Height Function
Let φ : C −→ R≥0 be a height function. The dual height function of φ is:

φ̂(S) = inf
T∈Pn

〈S, T 〉
φ(T )

For example, the dual of the trace is the least eigenvalue. Furthermore, the scaled
reduced determinant δ̃ =

√
nδ is its own dual, i.e. for all S ∈ Pn:

δ̃(S) = inf
T∈Pn

〈S, T 〉
δ̃(T )

See Poor et al. for proofs of those claims, and more on height function duality.

Proposition 2.3.1. Dual of a Height Function
Let φ : C −→ R≥0. The dual of φ is a height function.

Proof. First, φ̂ is defined on all of Pn, so it has the type of domain specified in the
definition. Thus, we can simply check that the definition holds.

Let S ∈ Pn be nonzero, arbitrary. By definition:

φ̂(S) = inf
T∈Pn

〈S, T 〉
φ(T )

.

Since T ∈ Pn, φ(T ) > 0 because φ is a height function. By duality of tr and λ1,
0 < tr (S)λ1(T ) ≤ 〈S, T 〉, so it follows that φ̂ is positive on Pn. Furthermore, for any
S ∈ Pn, λ ∈ R>0:

φ̂(λS) = inf
T∈Pn

〈λS, T 〉
φ(T )

= inf
T∈Pn

λ 〈S, T 〉
φ(T )

= λ inf
T∈Pn

〈S, T 〉
φ(T )

= λφ̂(S)

Finally, for any S, U ∈ Pn:

φ̂(S + U) = inf
T∈Pn

〈S + U, T 〉
φ(T )

= inf
T∈Pn

(
〈S, T 〉
φ(T )

+
〈U, T 〉
φ(T )

)
Taking the infimum for both fractions simultaneously is less effective than taking the
infimum for each one separately, because the T that minimizes the expression for
S might be different from the one that minimizes the expression for U . Thus, the
infimum in the display above might not be as small as the one obtained by taking
the infima separately, i.e.:

=⇒ φ̂(S + U) ≥ inf
T∈Pn

〈S, T 〉
φ(T )

+ φ̂(S) inf
T∈Pn

〈U, T 〉
φ(T )

= φ̂(S) + φ̂(U)

This proves superadditivity, so we’re done.
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Proposition 2.3.2. Alternative characterizations of the dual height function Let
φ : C −→ R≥0. The dual of φ is also given by the following formulas:

ˆφ(S) =

{
inf 〈S,Pn ∩ φ−1(1)〉

inf 〈S,Kφ〉

}
, S ∈ Pn

Proof. We start by proving the equivalence of the original definition and the first
formula:

φ̂(S) = inf
T∈Pn

〈S, T 〉
φ(T )

= inf
T∈Pn

〈
S,

T

φ(T )

〉
= inf

〈
S,Pn ∩ φ−1(T )

〉
Next, observe that:

Pn ∩ φ−1(1) ⊂ φ−1(1) ⊂ φ−1(R≥1) = Kφ

so:
inf 〈S,Kφ〉 ≤ inf

〈
S,Pn ∩ φ−1(T )

〉
= φ̂(S)

since the infimum of a set S is always greater than or equal to the infimum of any
superset of S.

Now, rearranging the original definition of the dual height function, we get that
for any T ∈ Pn:

φ(S)φ̂(T ) ≤ 〈S, T 〉 .

Let T ∈ Kφ = φ−1(R≥1). We know that T ∈ Pn, but we don’t know T ∈ Pn.
However, T + εI ∈ Pn for all ε > 0, since εI ∈ Pn, so for all S:

φ̂(S) ≤ φ̂(S)φ(T ) ≤ φ̂(S)φ(T + εI) ≤ 〈S, T + εI〉

Note that we get the first inequality from the fact that φ(T ) ≥ 1, the second inequality
from the fact that height functions preserve order, and the final inequality from the
original definition of φ̂. The inner product is continuous on Pn, so letting ε→ 0, we
get that for all S ∈ Pn, T ∈ Kφ:

φ̂(S) ≤ 〈S, T 〉

Taking the infimum over all T ∈ Kφ yields the desired result:

φ̂(S) ≤ inf 〈S,Kφ〉 =⇒ φ̂(S) = inf 〈S,Kφ〉 = inf
〈
S,Pn ∩ φ−1(1)

〉

2.3.2 The Height Function-Kernel Correspondence

The dual of a kernel K ∈ Pn, denoted Kt, is the dual semihull of K:

Kt = {S ∈ Pn : 〈S,K〉 ⊂ R≥1}
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Lemma 2.3.1. Dual Kernel
The dual of a kernel K is contained in Pn.

Proof. Since K is a kernel, Pn ⊂ R>0K. Thus:

〈Kt,Pn〉 ⊂ 〈Kt,R>0K〉 = R>0 〈Kt,K〉 ⊂ R>0 · R≥1 = R>0

which shows that Kt ⊂ P∨n ⊂ Pn.

Proposition 2.3.3. Duality Passes Through Correspondence
Let Kφ be the kernel of a height function φ. Then:

Ktφ = Kφ̂

Proof. For any S ∈ Pn, we have

S ∈ Ktφ ⇐⇒ 〈S,Kφ〉 ⊂ R≥1

by definition of dual kernel. The condition 〈S,Kφ〉 ⊂ R≥1 is clearly equivalent to
inf 〈S,Kφ〉 ≥ 1, so:

S ∈ Ktφ ⇐⇒ inf 〈S,Kφ〉 ≥ 1

But recall that φ̂(S) = inf 〈S,Kφ〉, so:

S ∈ Ktφ ⇐⇒ φ̂(S) ≥ 1⇐⇒ S ∈ φ̂−1(R≥1) = Kφ̂

Thus Ktφ = Kφ̂.

Since the dual of a kernel of a height function is the kernel of the dual height
function, it follows that the dual of the kernel is a kernel.

Proposition 2.3.4. Height Function Duality

Let φ : C → R≥0 be a height function. Then for all S ∈ Pn, φ(S) =
ˆ̂
φ(S).

Proof. Because duality passes through the correspondence:

K ˆ̂
φ

= Kφ̂
t

= Kφ
tt

By duality of kernels, Kttφ = Kφ. Since φ and
ˆ̂
φ have the same kernel, they must

agree on Pn.

2.4 The Minimum Function and the Dyadic Trace

2.4.1 The Minimum Function

Definition 2.4.1. Minimum Function
Let m : Pn → R≥0 be the function:

m(S) = min
v∈Zn

S[v]
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Proposition 2.4.1. m is a Height Function

Proof. Homogeneity and positivity follow immediately from the definition of S[·], so
we simply need to show superadditivity holds. For any vector v, and for any positive
semidefinite matrices S, T :

(S + T )[v] = S[v] + T [v] ≥ m(S) +m(T ).

Taking the minimum of the left hand side shows we have superadditivity. Thus, m is
a height function.

The minimum function has some interesting properties. First, m is defined on all
of Pn, and m(S) = 0 if and only if S /∈ Pn. Thus, we can use m to characterize those
spaces in future sections. Also, m has a geometric interpretation. Recall that any
S ∈ Pn can be written as S = MM ′, where the columns of M determine a basis of
a lattice in Rn. The vectors in the lattice are Mz, where z ∈ Zn, and for any such
vector:

|Mz|2 = 〈Mz,Mz〉 = (Mz)′(Mz) = z′M ′Mz = S[z]

Thus, m(S) is the length of the shortest nonzero vector in the lattice isometry class
determined by S.

Proposition 2.4.2. Realization of the Dual of the Minimum Function
Let S ∈ Pn. There exists a matrix To ∈ Pn that satisfies:

m̂(S) = inf
T∈Pn

〈S, T 〉
m(T )

=
〈S, To〉
m(To)

Proof. Fix S ∈ Pn. By Prop. 2.3.2., m̂(S) = inf 〈S,Pn ∩m−1(1)〉. Since I ∈ Pn and
m(I) = 1, I ∈ Pn ∩m−1(1), so:

m̂(S) = inf
〈
S,Pn ∩m−1(1)

〉
≤ 〈S, I〉 = tr (S)

Furthermore, we know tr (T )λ1(S) ≤ 〈S, T 〉 for all T ∈ Pn because the trace and

least eigenvalue are duals of one another, so if tr (T ) > tr (S)
λ1(S)

, then:

tr (T )λ1(S) > tr (S) ≥ m̂(S)

As a result, setting K =
{
T ∈ Pn : tr (T ) ≤ tr (S)

λ1(S)

}
allows us to rewrite:

m̂(S) = inf
T∈K

〈S, T 〉
m(T )

= inf
T∈K∩m−1(1)

〈S, T 〉

We know K is compact, and m−1(1) is closed so K∩m−1(1) is also compact. Because
〈S, ·〉 is continuous, it takes a minimum on K∩m−1(1), so there exists To ∈ K∩m−1(1)

such that m̂(S) = 〈S,To〉
m(To)

.
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2.4.2 The Dyadic Trace

The dual of m is called the dyadic trace and is denoted w. Let Cw denote the cone
of dyadic matrices. In Chapter 1, we saw that Pn ⊂ Cw. Furthermore, since dyadic
squares are positive semidefinite, it is easy to see that Cw ⊂ Pn.

Definition 2.4.2. Dyadic Trace
The dyadic trace is the function w : Cw −→ R≥0 given by:

w(S) = sup

(∑
i

αi

)
where S =

∑
i

αiziz
′
i, αi ∈ R>0, zi ∈ Zn

where the supremum is taken over all dyadic representations of S.

Proposition 2.4.3. The Dyadic Trace is a Height Function

Proof. First, observe that w(S) ∈ R>0 for all nonzero dyadic matrices S, and in
particular, w(S) > 0 for all S ∈ Pn. Also, w(λS) = λw(S) for all λ ∈ R>0, because
every dyadic representation can be scaled by any positive real number. Finally, we
need to prove superadditivity. For any S =

∑
i αiziz

′
i and T =

∑
j βjwjw

′
j, we have:

w(S) ≥
∑
i

αi, w(T ) ≥
∑
j

βj =⇒ w(S) + w(T ) ≥
∑
i

αi +
∑
j

βj

If we take the supremum of the right hand side over all dyadic representations of S, T ,
we get an equality:

w(S) + w(T ) = sup

(∑
i

αi +
∑
j

βj

)

But S+T =
∑

i αiziz
′
i+
∑

j βjwjw
′
j for any dyadic representations of S, T , so w(S+T )

is at least that big, i.e. :

w(S + T ) ≥ sup

(∑
i

αi +
∑
j

βj

)
= w(S) + w(T ).

Thus w is a height function.

To show that w and m are duals of one another takes some work. Introduce the
notation:

mVec(S) = {v ∈ Zn : S[v] = m(S)}

#S = 〈R>0{zz′ : z ∈ mVec(S)}〉

Proposition 2.4.4. Upper Semicontinuity of Minimal Vectors
Let S ∈ Pn. There exists a neighborhood NS such that

∀T ∈ NS, mVec(T ) ⊂ mVec(S)
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Proof. Fix S ∈ Pn, and let Λ be a lattice in the isometry class of S. Let 1 < r ≤ 2
be the ratio of the two shortest nonzero vector lengths in Λ, so that r2m(S) equals
the third smallest element of S[Zn] (the smaller elements being 0,m(S)).

Define a neighborhood of S in Pn:

NS = {T ∈ Pn : S < rT, m(T ) < rm(S)}

Then for any T ∈ NS and for any z ∈ mVec(T ):

1

r
S[z] < T [z] = m(T ) < rm(S)

Thus, S[z] < r2m(S), so S[z] = m(S) because S is positive and z nonzero, so z ∈
mVec(S).

Lemma 2.4.1. Minimal Vectors
Let S, T ∈ Pn with T < S, and suppose z ∈ mVec(S) ∩ mVec (T ). Then
z ∈ mVec(S ± T ).

Proof. Let v ∈ Zn be any nonzero vector. Then:

(S ± T )[v] = S[v]± T [v] ≤ S[z]± T [z] = (S ± T )[z]

Thus, z is a minimal vector of S + T and S − T , as claimed.

Proposition 2.4.5. Realizing the Dyadic Trace
Let S ∈ Cw. For any To ∈ Pn,

To minimizes
〈S, T 〉
m(T )

over Pn ⇐⇒ S ∈ #To

Proof. Suppose S ∈ #To. Then S =
∑

i αiziz
′
i, where zi ∈ mVec(To) for all i, so:

〈S, To〉
m(To)

=
〈
∑

i αiziz
′
i, To〉

m(To)
=

∑
i αi 〈ziz′i, To〉
m(To)

=

∑
i αiTo[zi]

m(To)
=
∑
i

αi

Let T ∈ Pn, and suppose zi /∈ mVec(T ) for some i. We know T [z]/m(T ) ≥ 1 for all
T ∈ Pn, z ∈ Zn, with equality if and only if z is a minimal vector for T . Thus:

〈S, T 〉
m(T )

=
∑
i

αi
T[zi]

m(To)
>
∑
i

αi =
〈S, To〉
m(To)

That proves that if S ∈ #To for some To ∈ Pn, then To minimizes 〈S, T 〉 /m(T ) over
Pn.

Now suppose To minimizes 〈S, T 〉 /m(T ) over Pn, so that for any U ∈ Pn, we have:

〈S, U〉
m(U)

≤ 〈S, To〉m(To) (or, equivalently) m(To) 〈S, U〉 ≤ m(U) 〈S, T 〉
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If z is a minimal vector of U , we can use the fact that 〈U, zz′〉 = m(U) to rewrite
that display:

(∀U ∈ Pn)(∀z ∈ mVec(U)) 〈S, To〉 〈U, zz′〉 ≤ 〈S, U〉m(To)

By the Upper Semicontinuity of Minimal Vectors, there exists a neighborhoodNT ⊂ Pn
of To with the property that for all U ∈ NT , mVec(U) ⊂ mVec(T ). Since NT is a
neighborhood of To, we can write its members as U = To + B, where B ∈ Vn is
understood to be close to the origin; in other words, we can translate NT by −To to
get a neighborhood No ⊂ Vn of the origin with the property that for all B ∈ No:

〈S, To〉 〈To +B, zz′〉 = 〈S, To〉 〈To, zz′〉+〈S, To〉 〈B, zz′〉 ≤ 〈S, To〉m(To)+〈S,B〉m(To)

or, after simplifying/cancelling similar terms:

(∀z ∈ mVec(To +B)) 〈S, To〉 〈B, zz′〉 ≤ 〈S,B〉m(To)

We were trying to show that S ∈ #To. Since #To is a closed cone, #To = (#To)
∨∨

so we can show S ∈ (#To)
∨∨, which is implied by 〈S, (#To)∨〉 ⊂ R≥0, instead. Let

T ∈ #To. We know R>0 · T ∩ No 6= ∅, so let T̃ = λT be a scalar multiple of T that
lies in that intersection.

Then we have that:

〈S, To〉
〈
T̃ , zz′

〉
≤
〈
S, T̃

〉
m(To) =⇒ 〈S, To〉 〈T, zz′〉 ≤ 〈S, T 〉m(To)

Since T ∈ (#To)
∨ ⊂ Pn, 〈T, zz′〉 ≥ 0. Furthermore, m(To) > 0 because To ∈ Pn.

Finally, 〈S, To〉 > 0 because S, T ∈ Pn, which forces 〈S, T 〉 ≥ 0. This holds for all
T ∈ (#To)

∨ (though the z might change), so 〈S, (#To)∨〉 ⊂ R≥0, so S ∈ #To.

2.4.3 Computing the Dyadic Trace

I will show how one can compute the dyadic trace for 2× 2 and 3× 3 matrices. The
method is similar in both cases: we use the fact that the dyadic trace is both an
infimum and a supremum to obtain lower and higher bounds that agree. See the
Appendix for definitions of Legendre-reduced and Minkowski-reduced.

Proposition 2.4.6. Formula for 2× 2 matrices

Let S =

[
a b
b c

]
∈ P2 be Legendre-reduced. Then w(S) = a+ c− |b|.

Proof. Let T =

[
2 ±1
±1 2

]
∈ P2. Note that m(T ) = 2. By duality of m and w:

w(S)m(T ) = 2w(S) ≤ 〈S, T 〉 = 2(a+ c± b) =⇒ w(S) ≤ a+ c− |b|

Furthermore, since Legendre-reduced matrices are diagonally dominant, S has the
following dyadic representation

S = (a− |b|)e1e
′
1 + (c− |b|)e2e

′
2 + |b|(e1 ± e2)(e1 ± e2)′
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so by the definition of the dyadic trace:

w(S) ≥ (a− |b|) + (c− |b|) + |b| = a+ c− |b|

Thus w(S) = a+ c− |b|.

Proposition 2.4.7. Formula for 3× 3 matrices
Let:

S =

a d e
d b f
e f c

 ∈ P3

be Minkowski reduced. Then

w(S) =

{
a+ b+ c− |d| − |e| − |f | if def ≤ 0

a+ b+ c− |d| − |e| − |f |+ min{|d|, |e|, |f |} if def > 0

Proof. Consider:

T =

2 δ ε
δ 2 φ
ε φ 2

 δ, ε, φ ∈ {0,±1} δεφ 6= −1

One readily verifies that:

det T = 8 + 2(δεφ− δ2 − ε2 − φ2) ≥ 2.

Furthermore, the upper-left 2× 2 submatrix has determinant equal to 3 or 4, and the
upper-left entry is 2, so T ∈ P3. In fact, T is the Gram matrix of a lattice known
in the literature as A3, so we know many things about T . In particular, we know
m(T ) = 2, so:

w(S) ≥ min
δ,ε,φ

〈S, T 〉
2

= min
δ,ε,φ

(a+ b+ c+ δd+ εe+ φf)

To minimize the parenthesized expression, we want the sum to contain as many
negative terms as possible. The remaining terms can should be annihilated. If def ≤
0, that means at least one of d, e, f is nonpositive. Pick one of the nonpositive
elements, say d, and set δ = 1 and ε = φ− 1. Then:

w(S) ≥ a+ b+ c− |d| − |e| − |f |

Otherwise, def > 0. The Minkowski conditions give us d, f ≥ 0, so all three terms
are positive. However, we cannot set δ = ε = φ = −1, because that would mean
δεφ = −1. Thus, we negate the two larger terms, and annihilate the smaller term by
setting its coefficient equal to 0 to get:

w(S) ≥ a+ b+ c− |d| − |e| − |f |+ min{|d|, |e|, |f |}
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Since S is Minkowski reduced, it is diagonally dominant, so we can use the formula
from earlier to get a dyadic representation for S:

S = (a− |d| − |e|)e1e
′
1 + (b− |d| − |f |)e2e

′
2 + (c− |f | − |e|)e3e

′
3+

|d|(e1 + e2)(e1 + e2)′ + |e|(e1 + sgn(def)e2)(e1 + sgn(def)e2)′ + |f |(e2 + e3)(e2 + e3)′

The dyadic trace of S is therefore at least:

w(S) ≥ a+ b+ c− 2|d| − 2|e| − 2|f |+ |d|+ |e|+ |f |

If def ≤, then we are done, since the upper and lower bounds agree. Otherwise, we
have to keep working.

Suppose def > 0, and let m denote the smallest of |d|, |e|, |f |. Then:

S = m(e1 + e2 + e3)(e1 + e2 + e3)′

+(|d| −m)(e1 + e2)(e1 + e2)′(|e| −m)(e1 + e3)(e1 + e3)′

(|f | −m)(e2 + e3)′ + (a− |d| − |e|+m)e1e
′
1

+(b− |d| − |f |+m)e2e
′
2 + (c− |e| − |f |+m)e3e

′
3

Thus, a lower bound for w(S) is:

m+ |d|−m+ |e|−m+ |f |−m+a−|d|− |e|+m+ b−|f |− |d|+m+ c−|e|− |f |+m

=⇒ w(S) ≤ m+ a+ b+ c− |d| − |e| − |f |

∴ w(S) = m+ a+ b+ c− |d| − |e| − |f |
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Siegel Modular Forms

3.1 Definitions and Basic Properties

Fix a positive integer n. We are going to need several spaces of matrices in this
section.

First, we define a few sets of matrices:

Vn(Z) = {n× n symmetric integral matrices}

V ∗n (Z) = {V ∈ Vn : vii ∈ Z and vij ∈
1

2
Z for all i, j}

X semi
n = Vn(Z)∗ ∩ Pn
Xn = Vn(Z)∗ ∩ Pn

Definition 3.1.1. Siegel Upper Half Space
The Siegel upper half space of dimension n is:

Hn = {Ω = X + iY : X ∈ Vn, Y ∈ Pn}

For n = 1, H1 is the familiar upper half plane from complex analysis.

Definition 3.1.2. Symplectic Group
The real symplectic group of order n is:

Spn(R) =

{
γ ∈ GL2n(R) :

[
0 −In
In 0

]
[γ] =

[
0 −In
In 0

]}
When n = 1, Sp1(R) = SL2(R).

Definition 3.1.3. Generalized Fractional Linear Transformations
The real symplectic group acts on Siegel upper half space by generalized fractional
linear transformations :

γ(Ω) = (AΩ +B)(CΩ +D)−1

To show that CΩ + D is invertible takes a little bit of work. See Klingen (1990),
pg. 2, for a proof of this result.
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Definition 3.1.4. Factor of Automorphy Function
The factor of automorphy function is the function j : Spn(R)×Hn −→ C× given by:

j(γ,Ω) = det(CΩ +D)

(
γ =

[
A B
C D

]
∈ Spn(R)

)
The factor of automorphy function satisfies a cocycle condition:

j(γγ̃,Ω) = j(γ, γ̃(Ω))j(γ̃,Ω)

as well as the following identity:

det(Im(γ(Ω)) = |j(γ,Ω)|−2 det(Im(Ω)

We will need those identities later, but proving them would be too much of a digression
from the main ideas of this thesis.

Definition 3.1.5. Weight-k Action
Let k be a positive integer. Define the weight-k action of Spn(R) on the set of
complex-valued functions on Siegel upper half space:

f [γ]k(Ω) = j(γ,Ω)−kf(γ(Ω))

where γ ∈ Spn(R) and f : Hn → C.

Definition 3.1.6. Siegel Modular Forms
Let n be a positive integer and k a nonnegative integer. We say that a function:

f : Hn −→ C

is a Siegel modular form of dimension n and weight k if f satisfies the following
conditions:

1. f is holomorphic in the upper triangular entries of its argument.

2. f is invariant under the weight-k action of the discrete subgroup Spn(Z) of the
real symplectic group of order n.

3. For any Yo ∈ Pn, f is bounded on the set {Ω ∈ Hn : Im(Ω) > Yo}.

The vector space of all such functions is denoted Mk(Spn(Z)). For n > 1, the third
condition follows from the first two. This fact is known as the Koecher Principle.

The second condition tells us a lot about a Siegel modular form.

Proposition 3.1.1. Properties of Siegel Modular Forms
Let f ∈Mk(Spn(Z)). Then:

1. (Translation Invariance) For all B ∈ Vn(Z), f(Ω +B) = f(Ω).

2. For all V ∈ GLn(Z), f(Ω[V ′]) = (detV )−kf(Ω).
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Proof. Let B, V be given. Define matrices:

τ =

[
In B
O In

]
σ =

[
V O
O V ′−1

]
One can verify that τ, σ ∈ Spn(Z). By definition of the group action of Spn(Z) on
Hn:

τ(Ω) = (In · Ω +B)(O · Ω + In)−1 = Ω +B

σ(Ω) = (V · Ω +O)(O · Ω + V ′−1)−1 = V ΩV ′ = Ω[V ′].

By the weight-k invariance of f with respect to Spn(Z):

f(τ(Ω)) = j(τ,Ω)kf(Ω) = det(In)f(Ω) = f(Ω)

f(σ(Ω)) = j(σ,Ω)kf(Ω) = (detV ′)kf(Ω) = (detV )kf(Ω)

Combining results:
f(τ(Ω)) = f(Ω +B) = f(Ω)

f(σ(Ω)) = f(Ω[V ′]) = (detV )kf(Ω)

A Siegel modular form is determined by its behavior on the set of orbits for
Spn(Z)\Hn. A set S ⊂ Hn that contains exactly one representative for every orbit is
called a fundamental domain. There exists a fundamental domain Fn satisfying:

m(Y ) ≥
√

3

2
for all X + iY ∈ Fn.

We will use that fact later.

3.2 Fourier Series

This section will establish the Fourier expansion of Siegel modular forms.

Proposition 3.2.1. Fourier Expansion
Let f ∈Mk(Spn(Z)). Then f has a unique Fourier expansion:

f(Ω) =
∑

T∈X semi
n

a(T ; f)e (〈Ω, T 〉) (f ∈Mk(Spn(Z)))

where the a(T ; f) ∈ C are the Fourier coefficients, and e (〈Ω, T 〉) = e2πi·tr (ΩT ).

Proof. We know f is Z-periodic and smooth in the real variables xjk, j ≤ k. The
Z-periodicity is a consequence of the weight-k invariance, and the smoothness follows
from holomorphy in those variables. Thus, by real analysis, we know that f has a
unique, absolutely convergent expansion as:

f(Ω) =
∑

{tjk∈Zn(n+1)/2}

a({tjk, yjk}; f)e

(∑
j,k

tjkxjk

)
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where the coefficients a({tjk, yjk}; f) are functions of the yjk. Furthermore, f must
satisfy the Cauchy-Riemann equations for each index (j, k). To see what this tells
us about f , we can take the derivative term by term. The derivative of an arbitrary
term with respect to some xmn is:

∂

∂xmn

(
a({tjk, yjk}; f)e

(∑
j,k

tjkxjk

))
= 2πitmn · a({tjk, yjk}; f)e

(∑
j,k

tjkxjk

)

so we have:

−i ∂

∂ymn

(
a({tjk, yjk}; f)e

(∑
j,k

tjkxjk

))
= 2πitmn · a({tjk, yjk}; f)e

(∑
j,k

tjkxjk

)

because Fourier series are equal if and only if they’re equal term-by-term. Getting
rid of all the scalars shows:

∂

∂ymn
a({tjk, yjk}; f) = −2πtmna({tjk, yjk}; f)

We solve the partial differential equations to get:

a({tjk, yjk}; f) = a({tjk}; f)e

(∑
j,k

tjkiyjk

)

Note that we have iyjk rather than −yjk because e (ix) = e2πi2x = e−2πx. In any case,
this allows us to rewrite f(Ω) as:

f(Ω) =
∑

{tjk∈Zn(n+1)/2}

a({tjk}; f)e

(∑
j,k

tjkzjk

)

For each n(n + 1)/2-tuple of tjk’s, associate a matrix T ∈ Vn(Z)∗ whose diagonal
entries are tjj and whose superdiagonal entries are 1

2
tjk. Using this notation, it is

clear that:
n∑

1≤j≤k

tjkzjk = 〈T,Ω〉

Thus, the previous display can be cleaned up:

f(Ω) =
∑

T∈Vn(Z)∗

a(T ; f)e (〈T,Ω〉)

Now we just need to show that we can sum over X semi
n rather than all of Vn(Z)∗. That

is, we need to show that a(T ; f) = 0 if T /∈ Pn. Fix a nonzero vector v ∈ Rn, and let
z = x+ iy ∈ H. Consider the matrix:

iI + zvv′ = xvv′ + i(yvv′ + I).
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Since I ∈ Pn, vv′ ∈ Pn, y > 0, we have yvv′+ I ∈ Pn and vv′ ∈ Vn so iI + zvv′ ∈ Hn

for all z ∈ H. As a result, we can think of

f(iI + zvv′) =
∑

T∈Vn(Z)∗

a(T ; f)e (〈iI + zvv′, T 〉) =
∑

T∈Vn(Z)∗

a(T ; f)e2πi(tr (T )+zT [v])

as a holomorphic function of z in H.
Now let T ∈ Vn(Z)∗ and suppose T [v] < 0. By the properties of the complex

exponential, we know that as Im(z) → ∞, the term |e2πi(tr (T )+zT [v])| = |e−2πyT [v]|
also goes to ∞. By the boundedness condition of Siegel modular forms, that forces
a(T ; f) = 0.

Thus, if a(T ; f) 6= 0, then there can not exist v ∈ Rn with T [v] < 0, so T ∈ Pn.
More generally, we can write the Fourier series of f while summing over T ∈ X semi

n

without giving up any information. Thus:

f(Ω) =
∑

T∈X semi
n

a(T ; f)e (〈Ω, T 〉)

as claimed.

Proposition 3.2.2. Class Invariance of Fourier Coefficients
Let f ∈Mk(Spn(Z)). The Fourier coefficients of f have the following properties:

1. If k is even, then for all V ∈ GLn(Z), a(T ; f) = a(T [V ]; f).

2. For all positive integers k and for all V ∈ GLn(Z), a(T ; f) = 0⇔ a(T [V ]; f) = 0.

3. For all positive integers k and for all V ∈ SLn(Z), a(T ; f) = a(T [V ]; f)

Proof. Let V ∈ GLn(Z). By the previous proposition:

f(Ω[V ′−1]) =
∑

T∈X semi
n

a(T ; f)e
(〈
T,Ω[V

′−1]
〉)

By linear algebra, we know we can rewrite the display as:

f(Ω[V ′−1]) =
∑

T∈X semi
n

a(T ; f)e
(〈
T [V −1],Ω

〉)
Since T 7−→ T [V −1] is an automorphism of X semi

n , with inverse T 7−→ T [V ], we can
rewrite the previous summation as:

f(Ω[V ′−1]) =
∑

T∈X semi
n

a(T [V ]; f)e (〈T,Ω〉)

By Prop. 3.1.1, we can rewrite the left hand side:

(detV −1)kf(Ω) =
∑

T∈X semi
n

a(T [V ]; f)e (〈T,Ω〉) .
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Multiply both sides by (detV )k:

f(Ω) =
∑

T∈X semi
n

(detV )ka(T [V ]; f)e (〈T,Ω〉) .

This is a Fourier expansion for f , and as noted earlier, Fourier expansions are unique.
Thus, for all T ∈ X semi

n , we have:

a(T ; f) = (detV )ka(T [V ]; f)

Since V ∈ GLn(Z), we know detV = ±1. Furthermore, detV = 1 ⇔ V ∈ SLn(Z).
Thus, if k is even, V ∈ SLn(Z) or a(T ; f) = 0, we have:

a(T ; f) = a(T [V ]; f)

3.3 Siegel’s Map and Cusp Forms

Definition 3.3.1. Siegel’s Φ-Map
Let n be a positive integer. Siegel’s Φ-map for Siegel modular forms of dimension n,
where n ∈ Z+, is the mapping:

Φ :Mk(Spn(Z)) −→Mk(Spn−1(Z))

defined by

(Φf)(Ω) = lim
y→∞

f

([
Ω 0
0 iy

])
.

Theorem 3.1. Siegel’s Φ-map
Siegel’s Φ-map is well-defined.

Proof. First, we need to show the limit exists. Introduce the notation Ωy =

[
Ω 0
0 iy

]
,

and let T̃ denote the (n − 1) × (n − 1) upper right block of any matrix T . We can
express Φf using the Fourier expansion of f :

(Φ)f(Ω) = lim
y→∞

∑
T∈X semi

n

a(T ; f)e (〈Ωy, T 〉)

Because the Fourier expansion of f is absolutely convergent, we can pull the limit
into the summation:

(Φ)f(Ω) =
∑

T∈X semi
n

a(T ; f) lim
y→∞

e (〈Ωy, T 〉)

For any Ω ∈ Hn−1, compute that:

e (〈T,Ωy〉) = e
(〈
T̃ ,Ω

〉
+ iytnn

)
= e

(〈
T̃ ,Ω

〉)
e−2πytnn
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so
lim
y→∞

e (〈T,Ωy〉) = e
(〈
T̃ ,Ω

〉)
lim
y→∞

e−2πytnn

We know tnn ≥ 0 because T ∈ X semi
n . If tnn > 0, then that term is annihilated by Φ

so it will certainly not cause the summation to diverge. Otherwise, tnn = 0, and the

limit is e
(〈
T̃ ,Ω

〉)
, so

(Φf)(Ω) =
∑

T∈X semi
n

a(T ; f)e
(〈
T̃ ,Ω

〉)
Now, if tnn = 0, then tnj = tin = 0 for all i, j by the properties of definite matrices,

so T is of the form

[
T̃ 0
0 0

]
. As a result, we can simply sum over matrices T̃ ∈ X semi

n−1 ,

because the upper left block of a X semi
n matrix is clearly a X semi

n−1 matrix. Thus:

(Φf)(Ω) =
∑

T∈X semi
n−1

a(T ; f)e (〈T,Ω〉)

which shows that the limit exists, and Φf : Hn−1 → C. Furthermore, Φf inherits
holomorphy and boundedness from f , so we just need to show (Φf)[γ]k(Ω) = (Φf)(Ω)
for all γ ∈ Spn−1(Z).

Let γ =

[
A B
C D

]
∈ Spn−1(Z) be arbitrary. By definition of the weight-k action on

functions on Hn−1 and the definition of Siegel’s Φ-map, we have:

(Φf)[γ]k(Ω) = j(γ,Ω)−k(Φf)(γ(Ω)) = j(γ,Ω)−k lim
y→∞

f(γ(Ω)y)

Let δ be the Spn(Z) matrix:

δ =


A 0 B 0
0 1 0 0
C 0 D 0
0 0 0 1


I claim that γ(Ω)y = δ(Ωy). To see this, compute:

δ(Ωy) =

([
A 0
0 1

] [
Ω 0
0 iy

]
+

[
B 0
0 0

])([
C 0
0 0

] [
Ω 0
0 iy

]
+

[
D 0
0 1

])−1

δ(Ωy) =

[
AΩ +B 0

0 iy

] [
CΩ +D 0

0 1

]−1

=

[
(AΩ +B)(CΩ +D)−1 0

0 iy

]
= (γ(Ω))y

Thus, we can rewrite the last display we had for (Φf)[γ]k(Ω):

(Φf)[γ]k(Ω) = j(γ,Ω)−k(Φf)(γ(Ω)) = j(γ,Ω)−k lim
y→∞

f(δ(Ωy))
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But since δ ∈ Spn(Z) and f ∈Mk(Spn(Z)), we know f(δ(Ωy)) = j(δ,Ωy)
kf(Ωy) so:

(Φf)[γ]k(Ω) = j(γ,Ω)−k(Φf)(γ(Ω)) = j(γ,Ω)−k lim
y→∞

j(δ,Ωy)
kf(Ωy)

Finally, since j(δ,Ωy) = j(γ,Ω) for all y > 0:

(Φf)[γ]k(Ω) = j(γ,Ω)−k lim
y→∞

j(γ,Ω)kf(Ωy) = lim
y→∞

f(Ωy) = (Φf)(Ω)

3.4 Invariant Function of a Siegel Modular Form

Definition 3.4.1. Invariant Function of a Siegel Modular Form
Let f ∈Mk(Spn(Z)). We define the Spn(Z)-invariant function of f as follows:

φf : Hn −→ R≥0 φf (Ω) = (det Im(Ω))k/2|f(Ω)|

To see that φf is, in fact, invariant with respect to Spn(Z), we use the following
identity:

det(Im(γ(Ω)) = |j(γ,Ω)|−2 det(Im(Ω)

For any γ ∈ Spn(Z), we have:

φf (γ(Ω)) = det Im(γ(Ω)))k/2|f(γ(Ω))| = |j(γ,Ω)|−k det(Im(Ω)k/2|f(γ(Ω))|

Since f is a weight k Siegel modular form:

φf (γ(Ω)) = |j(γ,Ω)|−k det(Im(Ω)k/2|j(γ,Ω)|k|f(Ω)| = det(Im(Ω)k/2|f(Ω)| = φf (Ω)

Lemma 3.4.1. Bounds
Let f ∈ Sk(Spn(Z)) be a nonzero Siegel cusp form. There exist a, b ∈ R>0 such that
for all Ω = X + iY ∈ Hn, if Y ≥ I, then:

|f(Ω)| ≤ ae−bδ(Y )

Proof. For any Ω = X + iY ∈ Hn, we have:

|f(Ω)| =

∣∣∣∣∣∑
T∈Xn

a(T ; f)e2πitr (ΩT )

∣∣∣∣∣ ≤ ∑
T∈Xn

∣∣a(T ; f)e2πitr (ΩT )
∣∣ =

∑
T∈Xn

|a(T ; f)| e−2πtr (Y T )

Furthermore, for any T ∈ Xn, and any Y ≥ I, we have:

〈T, Y 〉 ≥ tr (T )λ1(Y ) 〈T, Y 〉 ≥ nδ(T )δ(Y )

so consequently:
2 〈T, Y 〉 ≥ tr (T )λ1(Y ) + nδ(T )δ(Y )
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It is easily verified that δ is bounded below by 2−n on Xn. Furthermore, since height
functions preserve order, λ1(Y ) ≥ λ1(I) = 1. Thus:

2 〈T, Y 〉 ≥ tr (T ) + n2−nδ(Y )

Now, let a =
∑

T∈Xn |a(T ; f)|e−πtr (T ). Note a is finite because

f(
i

2
I) =

∑
T∈Xn

a(T ; f)e2πitr ( i
2
IT ) =

∑
T∈Xn

a(T ; f)e−πtr (T ),

and Fourier expansions are absolutely convergent. Furthermore, a ∈ R>0 because all
of the terms in the summation are positive. Let b = πn2−n. Then:

|f(Ω)| ≤
∑
T∈Xn

|a(T ; f)| e−2π〈Y,T 〉 ≤
∑
T∈Xn

|a(T ; f)| e−πtr (T )e−πn2−nδ(Y ) = ae−bδ(Y )

It is known that the Spn(Z)-invariant function attains a global maximum(Poor
and Yuen (2000)), but a proof of that claim is beyond the scope of this thesis. I will
take it for granted that such a maximum exists in the next chapter, though.





Chapter 4

The Semihull Theorem and its
Corollaries

4.1 Definitions and General Lemmas

Definition 4.1.1. Accounts
Let Ω ∈ Hn. We say that a orbit in Spn(Z)\Hn is accounted for by Ω if the orbit
contains (Im(Ω))−1.

Definition 4.1.2. Support and Semihull of a Siegel Cusp Form
Let f ∈ Sk(Spn(Z)). The support of f is:

supp(f) = {T ∈ Xn : a(T ; f) 6= 0}

The semihull of f is:
ν(f) = 〈R≥1supp(f)〉

Definition 4.1.3. Kernel of a Matrix
For S ∈ Pn, define:

K(S) = 〈R≥1 [S]〉 where [S] = S[GLn(Z)]

Lemma 4.1.1. Kernel of a Positive Matrix
Let S ∈ Pn. Then K(S) is a kernel.

Proof. First, K(S) is closed under superconvex combinations by construction. Fur-
thermore, K(S) ⊂ Pn: S[V ] ∈ Pn for all V ∈ GLn(Z), so the set of their superconvex
linear combinations lies in Pn since Pn is a cone. The closure of that set is K(S), so
K(S) ⊂ Pn.

For all T ∈ K(S), we have 0 < δ(S) ≤ δ(T ) because:

T =
∑
i

λiS[Vi]
∑
i

λi ≥ 1 Vi ∈ GLn(Z)

so by superadditivity, and the fact that δ is a class function:

δ(T ) = δ

(∑
i

λiS[Vi]

)
≥
∑
i

λiδ(S[Vi]) =
∑
i

λiδ(S) ≥ δ(S).
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Thus, for any sequence Ti ∈ K(S), if Ti → T , then δ(T ) > 0 by continuity of height
functions, so T 6= 0, so 0 /∈ K(S).

We need to show that Pn ⊂ R>0K(S). Since K(S) is invariant under the group
action of GLn(Z), we can replace S by S[V ], where the second diagonal entry of S[V ]
is positive.

For every positive integer m, define a matrix γm = me21 + In. The entries of
γm are integers by construction, and since γm is upper triangular, one can easily
check that its determinant is 1. Thus, γm ∈ GLn(Z), so S[γm] ∈ K(S). Note that
S[γm] = m2s22e11 +O(m).

Let α ∈ R>0, z ∈ Znprim be arbitrary. We know there exists γ ∈ GLn(Z) such that
γe1 = z, and that in turn means e11[γ′] = γe1e

′
1γ
′ = (γe1)(γe1)′ = zz′. Thus:

S[γmγ
′] = S[γm][γ′] = (m2s22e11 +O(m))[γ′] = m2s22zz

′ +O(m)

We know that S[γmγ
′] ∈ K(S) because γmγ

′ ∈ GLn(Z). Furthermore, since K(S) is
closed under superconvex combinations, it must contain the matrices:

S +
α

m2s22

S[γmγ
′] = S + αzz′ +O(1/m)

and since K(S) is a closed in the topological sense, it contains their limit point:

lim
m→∞

(
S +

α

m2s22

S[γmγ
′]

)
= S + αzz′

Thus, we see that for S + αzz′ ∈ K(S) for all positive, real α and for all integral
vectors z.

Now, let T be any positive matrix. From the theory of the dyadic trace, we know
that every positive matrix T can be written as:

T =
k∑
i=1

αiziz
′
i (zi ∈ Znprim)

so every matrix in S + Pn can be written as

S + T = S +
k∑
i=1

αiziz
′
i = S +

1

k

k∑
i=1

kαiziz
′
i =

k∑
i=1

1

k
(S + kαiziz

′
i)

Since S + kαizizi ∈ K(S) and K(S) is closed under convex combinations, it follows
that S + T ∈ K(S). Thus, we have S + Pn ⊂ K(S).

Finally, let P ∈ Pn be arbitrary. The theory of positive matrices tells us that for
sufficiently large r, rP − S ∈ Pn. Thus, S + (rP − S) = rP ∈ K(S), and the result
follows.

Lemma 4.1.2. Kernel Lemma:
The semihull of a nonzero cusp form f ∈ Sk(Spn(Z)) is a kernel.
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Proof. It is clear that ν(f) is a semihull by construction, so we just need to show that
Pn ⊂ R>0 · ν(f) ⊂ Pn, and that the closure of ν(f) doesn’t contain 0.

Let T ∈ supp f . By definition, K(T ) ⊂ ν(f), so by the previous lemma, we
have Pn ⊂ R>0K(T ) ⊂ R>0ν(f). Furthermore, f is a cusp form, so supp(f) ⊂ Pn, so
ν(f) ⊂ Pn. Finally, we know that for all T ∈ supp(f), tr(T ) ≥ 1. Thus, tr(T ) ≥ 1 for
all superconvex combinations of those matrices by linearity of the trace, so tr(U) ≥ 1
for all U ∈ ν(F ).

Lemma 4.1.3. Semihull Valuation Property
For any nonzero Siegel cusp forms f, g:

ν(fg) = ν(f) + ν(g)

Proof. First, let T ∈ supp(fg). By definition of support, that means a(T ; fg) 6= 0, so

0 6= a(T ; fg) =
∑

T1+T2=T

a(T1; f)a(T2; g)

Thus, there must exist at least one pair of matrices T1 ∈ supp(f), T2 ∈ supp(g) such
that T1 + T2 = T . This holds for all T , so:

supp(fg) ⊂ supp(f) + supp(g) =⇒ ν(fg) ⊂ ν(f) + ν(g)

Thus, we only need to show that:

ν(f) + ν(g) ⊂ ν(fg)

By the containment lemma, we can instead show:

ν(fg)t ∩ Pn(Q) ⊂ (ν(f) + ν(g))t.

Let R be any integral domain, let R[[x]] be the ring of formal power series over
R, and define ordx : (R[[x]]\{0}) −→ Z≥0 by

ordx

 ∑
n∈Z≥0

anx
n

 = min{n : an 6= 0}.

Since  ∑
n∈Z≥0

anx
n

 ∑
n∈Z≥0

bnx
n

 =
∑
n∈Z≥0

(∑
i+j=n

aibj

)
xn,

it follows that for any nonzero h, k ∈ R[[x]]:

ordx(hk) = ordx(h) + ordx(k)

Now, let R be the ring of holomorphic functions on Hn, and let U ∈ Pn(Z). Any
nonzero holomorphic Fourier series h with support in X semi

n ,

h(Ω) =
∑

T∈X semi
n

a(T ;h)e (〈T,Ω〉) ,
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can be transformed into a formal power series hU(x) ∈ R[[x]] like so:

hU(x) =
∑

T∈X semi
n

a(T ;h)e (〈T,Ω〉)x〈T,U〉 =
∑
n∈Z≥0

 ∑
T :〈T,U〉=n

a(T ;h)e (〈T,Ω〉)

xn

The terms e (〈T,Ω〉) are linearly independent over C, so any inner summation that
has a nonzero term cannot cancel to 0. Thus, we have:

ordx(h
U) = min 〈supp(f), U〉 = inf 〈ν(h), U〉 = min 〈µ(h), U〉

for any holomorphic Fourier series h on Hn. Now, let h be as above, let k(Ω) be a
nonzero holomorphic Fourier series, and let T ∈ Xn, so that:

a (T ;hk) e (〈T,Ω〉)x〈T,U〉 =∑
T1+T2=T

a (T1;h) e (〈T1,Ω〉)x〈T1,U〉a (T2; k) e (〈T2,Ω〉)x〈T1,U〉

This shows hUkU = (hk)U .
We now go back to the original f, g. We were trying to show that:

ν(fg)t ∩ Pn(Q) ⊂ (ν(f) + ν(g))t,

so let V be an arbitrary element of ν(fg) ∩ Pn(Q). Since V has rational entries, we
can express V as V = U/q, where U ∈ Pn(Z) and q is a positive integer.

Furthermore, we know that:

〈ν(fg), V 〉 = q−1 〈ν(fg), U〉 ≥ 1 =⇒ 〈ν(fg), U〉 ≥ q

and if we specialize to the minimal value, we get:

q ≤ min 〈ν(fg), U〉 = ordx((fg)U) = ordx(f
UgU)

The first equality follows from the definition of the order function on augmented
Fourier series, and the second follows from the argument about h, k above.

The valuation property of power series gives

ordx(f
UgU) = ordx(f

U) + ordx(g
U).

The summands on the right can be rewritten as:

ordx(f
U) = min 〈ν(f), U〉 ordx(g

U) = min 〈ν(g), U〉

The sum of those two minima is the same as the minima of the sum of the sets, so:

q ≤ min 〈ν(f) + ν(g), U〉 =⇒ 1 ≤ min 〈ν(f) + ν(g), V 〉

=⇒ V ∈ (ν(f) + ν(g))t
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4.2 Main Lemmas and the Semihull Theorem

Lemma 4.2.1. Main Lemma
Let f ∈ Sk(Spn(Z)) be a nonzero cusp form. Let Ωo = Xo + iYo maximize the
Spn(Z) invariant function of f . Take matrices A ∈ Xn and U ∈ Pn(Z) for which
〈A,U〉 ≤ inf 〈supp(f), U〉 . Then 〈A,U〉 ≤

〈
k

4π
Y −1
o , U

〉
.

Proof. There exists a complex upper half plane

N = {z ∈ C : Im(z) > −2ε}

such that as z varies in N , the resulting matrices Ωz = Ωo+Uz vary in a neighborhood
of Ωo in Hn. Here ε > 0 depends on Ωo. The function f(Ωz) can be viewed as a
holomorphic function of a single complex variable z in the neighborhood N .

The Fourier series:

f(Ωz) =
∑

T∈supp(f)

a(T ; f)e (〈T,Ωo〉) e (〈T, U〉 z)

converges absolutely on Hn, and we use this to express the Fourier series as a power
series of q = e2πiz. The assumption that 〈A,U〉 ≤ 〈T, U〉 for all T ∈ supp(f) shows
that the lowest power of q in the power series is at least 〈A,U〉, so:

f(Ωz) =
∑

m≥〈A,U〉

 ∑
T :〈T,U〉=m

a(T ; f)e (〈T,Ωo〉)

 qm

Since each power m of q is at least 〈A,U〉, divide by e (〈A,Ωz〉) = e (〈A,Ωo〉) q〈A,U〉
to get a new power series in q, denoted g(q):

g(q) =
f(Ωz)

e (〈A,Ωz〉)
=

1

e (〈A,Ωo〉)
∑
m≥0

 ∑
T :〈T−A,U〉=m

a(T ; f)e (〈T,Ωo〉)

 qm

Even after dividing, we have not introduced any poles. We can think of g(q) as a
holomorphic function of q on the open punctured disk of radius e2π2ε (since N is
equivalent to the punctured disk in local q-coordinates). Furthermore, since there is
no pole at the origin, the power series representation of g(q) allows us to extend g
holomorphically from the punctured disk to the full disk of radius e2π2ε. Consequently,
g is holomorphic on the closed disk of radius e2πε.

By the Maximum Principle, g on the closed disk achieves its absolute maximum
on the boundary. Thus, there must exist qo = e2πizo for which |g(1)| ≤ |g(qo)|. Note
that zo = xo − iε for some xo.

In terms of the original variables, we have shown that:∣∣∣∣ f(Ωo)

e (〈A,Ωo〉)

∣∣∣∣ ≤ ∣∣∣∣ f(Ωo + Uzo)

e (〈A,Ωo + Uzo〉)

∣∣∣∣
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Let M be the maximal value of (detY )k/2|f(Ω)| over Hn. Note that M > 0
because f is nonzero. Also, let Ω1 = Ωo + Uzo. We can rewrite the display in Idea 7
as:

(detYo)
−k/2 M

|e (〈A,Ωo〉) |
≤ (det(Yo − Uε))−k/2

∣∣∣∣ det(Y1)k/2f(Ω1)

e (〈A,Ωo + Uzo〉)

∣∣∣∣
or

det(Yo)
−k/2 M

|e (〈A,Ωo〉) |
≤ (det(Yo − Uε))−k/2

∣∣∣∣det(Y1)k/2f(Ω1)

e (〈A,Ω1〉)

∣∣∣∣ .
By using the maximality of M , we can rewrite that display as:

det(Yo)
−k/2 M

|e (〈A,Ωo〉) |
≤ (det(Yo − Uε))−k/2

M

|e (〈A,Ω1〉) |

Since e (〈A,Ω1〉) = e (〈A,Ωo + Uzo〉) = e (〈A,Ωo〉) e (〈A,Uzo〉), we can write:

|e (〈A,Uzo〉) |(det(Yo))
−k/2 M

|e (〈A,Ωo〉) |
≤ (det(Yo − Uε))−k/2

M

|e (〈A,Ωo〉) |

=⇒ |e (〈A,Uzo〉) |(det(Yo))
−k/2 ≤ (det(Yo − Uε))−k/2

Finally, we can move (det(Yo))
−k/2 to the right hand side. Compute that:

(det(Yo))
k/2 · (det(Yo−Uε))−k/2 = (det(Y −1

o · (Yo−Uε)))−k/2 = (det(In−Y −1
o Uε))−k/2

so we have:
|e (〈A,Uzo〉) | ≤ (det(In − Y −1

o Uε))−k/2

We know that |e (〈A,Uzo〉) | = e−2πIm(zo), and Im(zo) = −ε, so we can write:

e2πε ≤ (det(In − Y −1
o Uε))−k/2

Taking logarithms preserves order, so:

2π 〈A,U〉 ε ≤ k

2
· ln(det(In − Y −1

o Uε))−1 =⇒ 〈A,U〉 ≤ k

4πε
· ln(det(In − Y −1

o Uε))−1

We can expand the expression in terms of powers of ε. First, compute that:

〈A,U〉 ≤ k

4πε
· ln(1 + εtr(Y −1

o U) +O(ε2))−1 =
k

4πε
· ln(1 + ε

〈
Y −1
o , U

〉
+O(ε2))−1

Next, by the Taylor expansion of the logarithm:

〈A,U〉 ≤ k

4πε
·
(
ε
〈
Y −1
o , U

〉
+O(ε2)

)
=

k

4π
·
〈
Y −1
o , U

〉
+O(ε)

Finally, letting ε→ 0, we can invoke continuity of the inner product to conclude that:

〈A,U〉 ≤
〈
k

4π
Y −1
o , U

〉
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Theorem 4.1. Semihull Theorem
Let f ∈ Sk(Spn(Z)) be a nonzero Siegel cusp form. Let Ωo = Xo + iYo maximize the
Spn(Z)-invariant function φf (Ω) over Hn. Then

k

4π
Y −1
o ∈ ν(f)

Proof. By the containment lemma, we know that it suffices to show:

ν(f)t ∩ Pn(Q) ⊂ (
k

4π
Y −1
o )t

Let V ∈ ν(f)t ∩Pn(Q) be arbitrary. Since V is an element of Pn(Q), we can express
V as V = U/q, where U ∈ Pn(Z) and q ∈ Z≥1.

Since U = qV and V ∈ ν(f)t,

q ≤ min 〈supp(f), U〉

Thus, there exists a matrix A ∈ supp(f) such that:

q ≤ 〈A,U〉 ≤ 〈T, U〉 for all T ∈ supp(f)

By the main lemma, we know:

q ≤ 〈A,U〉 ≤
〈
k

4π
Y −1
o , U

〉
,

and dividing by q yields

1 ≤
〈
k

4π
Y −1
o , U/q

〉
=

〈
k

4π
Y −1
o , V

〉
=⇒ V ∈ (

k

4π
Y −1
o )t.

Figure 4.1, below, is a caricature of the Semihull Theorem. The ambient space is
Vn for some n. In reality, Vn is a n(n+ 1)/2-dimensional space, but that is obviously
much harder to depict. The shaded area is ν(f) for some nonzero f . The dots and red
stars form a lattice intended to represent Xn, with the red stars obviously representing
ν(f)∩Xn. The green star is Y −1

o for some Ωo = Xo+ iYo that maximizes the invariant
function of f .

4.3 Corollaries

Corollary 4.1.1. Vanishing Theorem
Let f ∈ Sk(Spn(Z)) be a Siegel cusp form. Let ν be a kernel that contains ν(f).

If the set {
Ω = X + iY ∈ Hn :

k

4π
Y −1 /∈ ν

}
contains a fundamental domain for Spn(Z)\Hn, then f = 0.
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Figure 4.1: Caricature of the Semihull Theorem

Proof. Suppose f 6= 0. The Spn(Z)-invariant function of f has a global maximum at
some Ωo = Xo + iYo. By the Semihull Theorem, k

4π
Y −1
o ∈ ν(f) ⊂ ν. Furthermore,

this is true for all Ω ∈ Hn that maximize the Spn(Z)-invariant function of f , so it
must be true for the entire Spn(Z)-equivalence class of Ωo. Thus, the displayed set
does not contain a fundamental domain for Spn(Z)\Hn because it does not contain a
representative for the class of Ωo.

Figure 4.2 is a caricature of the Vanishing Theorem. The dark green region repre-
sents ν(f) for some Siegel cusp form f , and the lighter green is an outer approximation
ν of ν(f). The blue stars in the picture represent random elements of Hn, although
any point in the beige ambient space could have been chosen instead. The Vanishing
Theorem says that if every orbit in Spn(Z)\Hn is accounted for by a blue star, then
f = 0.

Figure 4.2: Caricature of the Vanishing Theorem
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Corollary 4.1.2. Extraction Theorem
Let f ∈ Sk(Spn(Z)), let φ be a height function, and let Ωo = Xo+ iYo ∈ Hn maximize
the Spn(Z)-invariant function of f . Define:

Wn,k =

{
T ∈ Xn : φ(T ) ≤ k

4π
φ(Y −1

o )

}
Then:

a(T ; f) = 0 for all T ∈ Wn,k ⇐⇒ f = 0

Proof. The =⇒ direction clearly holds. To prove the ⇐= direction, we argue by
contraposition.

Suppose f is nonzero. By the Semihull Theorem:

k

4π
Y −1
o ∈ ν(f) = 〈R≥1supp (f)〉

The display above says that k
4π
Y −1
o is a limit point of the set of superconvex combi-

nations of supp (f), so we can find S of the form:

S =
∑

T∈supp (f)

aTT ∈ ν(f)
∑

aT ≥ 1

that is arbitrarily close to k
4π
Y −1
o . Since f is a cusp form, its support contains only

positive matrices, so S is positive because it is superconvex combination of positive
matrices. By superadditivity, we have:

φ(S) = φ

 ∑
T∈supp (f)

aTT

 ≥ ∑
T∈supp (f)

aTφ(T ).

Furthermore, since T ∈ supp (f), φ(T ) ≥ inf φ(supp (f)), so:

φ(S) ≥
∑
T

aT inf φ(supp (f)) = inf φ(supp (f))
∑

aT ≥ inf φ(supp (f))

Since S is arbitrarily close to k
4π
Y −1
o , S is positive and φ is continuous on Pn, it follows

that:

inf φ(supp (f)) ≤ k

4π
φ(Y −1

o )

Thus, if f is nonzero, there exists T ∈ supp (f) such that a(T ; f) 6= 0 and φ(T ) ≤
k

4π
φ(Y −1

o ), so if Wn,k ∩ supp (f) = ∅, then f = 0.

The Extraction Theorem is the tool that ultimately allows one to produce good
bounds for the number of Fourier coefficients needed to study a Siegel cusp form.
The Extraction Theorem says that we only need to know the Fourier coefficients
T for which φ(T ) ≤ φ(Y −1

o ) to fully determine a Siegel cusp form. Since Y −1
o is not

unique, one can work a little harder and obtain a slightly better bound for the number
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of Fourier coefficients needed by replacing φ(Y −1
o ) with the infimum of φ(Y −1

o ) over
the Spn(Z)-equivalence class of Ωo. That is, one can compute the constant:

φn = sup
Ω∈Hn

inf
σ∈Spn(Z)

φ(Im(σΩ)−1)

and redefine:

Wn,k =

{
T ∈ Xn : φ(T ) ≤ k

4π
φn

}
and the Extraction Theorem would still hold.

Siegel proved the Extraction Theorem for the special case φ = tr . Although useful
from a theoretical standpoint, Siegel’s theorem is highly impractical when n > 1.
First, computing trn is very difficult, and one often has to replace trn with an upper
bound that is not optimal. Second, the vanishing of a Fourier coefficient is a class
property by Prop. 3.2.2., but the trace is not a class function. Both of those issues
cause us to compute many unnecessary Fourier coefficients. Replacing the trace with
the dyadic trace in the Extraction Theorem addresses both of those issues.

Recall that there exists a fundamental domain Fn satisfying m(Y ) ≥
√

3
2

for all
X + iY ∈ Hn. For any such Y , we have:

w(Y −1) ≤ 〈Y
−1, Y 〉
m(Y )

=
tr (Y −1Y )

m(Y )
=

n

m(Y )
≤ n

2√
3
.

Thus, we can express a special case of the Extraction Theorem that makes no reference
to the unknown matrix Ωo or the unknown constant φn. Finally, we can save even
more time by only checking GLn(Z)-equivalence classes, since w a class function.

It is important to note that before one can actually apply the following theorem,
one needs to know which matrices in Xn have small dyadic trace. For small n, we
can use Prop. 2.4.6 and Prop. 2. 4. 7, but the issue is more difficult for n ≥ 4.
See Poor and Yuen (2000), Poor and Yuen (2002) and Poor et al. for descriptions of
algorithms that allow one to compute the dyadic trace of larger matrices, and tables
of matrices in X3,X4 with small dyadic trace.

Corollary 4.1.3. Special Extraction Theorem
Let f ∈ Sk(Spn(Z)). Let:

Wn,k =

{
[T ] : T ∈ Xn, w(T ) ≤ nk

2
√

3π

}
([T ] = T [GLn(Z)])

Then:
Wn,k ∩ supp (f) = ∅ ⇐⇒ f = 0.
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Application: The Problem of Witt

5.1 Theta Series

Definition 5.1.1. Type II Lattice
A Type II lattice is an integral lattice that is even and unimodular. It is known that
every Type II lattice has rank divisible by 8. The name Type II is borrowed from
Conway and Sloane (1999).

Definition 5.1.2. Theta Series
Let n be a positive integer and let Λ be a lattice. The degree n theta series of Λ is:

θ
(n)
Λ (Ω) =

∑
(v1,...,vn)∈Λn

e

(〈
1

2
[vi · vj],Ω

〉)

where [vi · vj] denotes the Gram matrix of (v1, . . . , vn).
We restrict our attention to Type II lattices because it is known that if Λ is a

Type II lattice of rank r, then:

θ
(n)
Λ ∈Mr/2(Spn(Z)).

See Freitag (1983) for a proof of that result.

Proposition 5.1.1. Fourier Coefficients of Theta Series
Let Λ be a Type II lattice, and let θ

(n)
Λ be the degree n theta series for Λ. Then:

a(T ; θ
(n)
Λ ) = |{(v1, . . . , vn) ∈ Λn : [vi · vj] = 2T}|

Proof. As mentioned earlier, since Λ is a Type II lattice, the Gram matrices [vi · vj]
are integral with even integers down the diagonal, and they’re positive semidefinite
by virtue of being Gram matrices, so [vi ·vj]/2 ∈ X semi

n for all (v1, . . . , vn) ∈ Λn. Thus:

θ
(n)
Λ (Ω) =

∑
(v1,...,vn)∈Λn

e

(〈
1

2
[vi · vj],Ω

〉)
=

∑
T∈X semi

n

 ∑
(v1,...,vn):[vi·vj ]=2T

e (〈T,Ω〉)


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The inner summations are constant, so we can rewrite the double summation as:

θ
(n)
Λ (Ω) =

∑
T∈X semi

n

|{(v1, . . . , vn) ∈ Λn : [vi · vj] = 2T}|e (〈T,Ω〉)

The display above is a Fourier expansion, so by uniqueness of Fourier expansions:

a(T ; θ
(n)
Λ ) = |{(v1, . . . , vn) ∈ Λn : [vi · vj] = 2T}|

Proposition 5.1.2. Siegel’s Φ-map and Theta Series
Let Λ be a Type II lattice, let n be a positive integer and let θ

(n)
Λ be the degree n

theta series for Λ. Then Φ(θ
(n)
Λ ) = θ

(n−1)
Λ .

Proof. Let Ω ∈ Hn−1. By definition of Φ, we have:

(Φθ
(n)
Λ )(Ω) = lim

y→+∞

∑
(v1,...,vn)∈Λn

e

(
1

2
〈[vi · vj],Ωy〉

)
Recall that for any (v1, . . . , vn) ∈ Λn:

[vi · vj] =


〈v1, v1〉 〈v1, v2〉 . . . 〈v1, vn〉
〈v2, v1〉 〈v2, v2〉 . . . 〈v2, vn〉

...
...

. . .
...

〈vn, v1〉 〈vn, v2〉 . . . 〈vn, vn〉


When we take the inner product with Ωy, the terms 〈v1, vn〉 , . . . , 〈vn−1, vn〉 will be
annihilated. Thus, we can view the inner product 〈[vi · vj],Ωy〉 as the inner product
of the Gram matrix for (v1, . . . , vn−1) with Ω, with 〈vn, vn〉 · iy added on. That is:

(Φθ
(n)
Λ )(Ω) = lim

y→+∞

∑
(v1,...,vn−1)∈Λn−1,vn∈Λ

e

(
1

2
〈[vi · vj],Ω〉

)
· e
(

1

2
|vn|2iy

)

The limit doesn’t depend on (v1, . . . , vn−1), so we break up the summation and pull
the limit inside:

(Φθ
(n)
Λ )(Ω) =

∑
(v1,...,vn−1)∈Λn−1

e

(
1

2
〈[vi · vj],Ω〉

)
· lim
y→+∞

∑
vn∈Λ

e−π|vn|
2y

For all nonzero vn ∈ Λ, the term e−π|vn|
2y goes to 0 as y →∞. For vn = 0, the term

is equal to 1 for all y. Thus, the limit of that summation is 1, so we have:

(Φθ
(n)
Λ )(Ω) =

∑
(v1,...,vn−1)∈Λn−1

e

(
1

2
〈[vi · vj],Ω〉

)
· 1 = θ

(n−1)
Λ
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5.2 Problem of Witt

The theta function of a lattice Λ is a Siegel modular form if Λ is even and unimodular.
The theory of lattices tells us that if Λ is unimodular and even, then Λ has rank
divisible by 8. There is only one isometry class of even, unimodular lattices of rank 8,
but there are two isometry classes of rank 16: E8 ⊕ E8 and D+

16.
The Problem of Witt asks, for which positive integers n is it true that

θ
(n)
E8⊕E8

(Ω) = θ
(n)

D+
16

(Ω) for all Ω ∈ Hn

Witt managed to prove that the equality holds for n = 1, 2, but could not prove
the general result. Using the machinery developed in this thesis, one can answer the
problem of Witt with relative ease.

5.2.1 The Method

We will use the Special Extraction Theorem. We know:

Φ(θ
(n)
E8⊕E8

(Ω)− θ(n)

D+
16

(Ω)) = Φ(θ
(n)
E8⊕E8

(Ω))− Φ(θ
(n)

D+
16

(Ω)) = θ
(n−1)
E8⊕E8

− θ(n−1)

D+
16

The display tells us that θ
(n)
E8⊕E8

= θ
(n)

D+
16

=⇒ θ
(n−1)
E8⊕E8

= θ
(n−1)

D+
16

, so we can solve the

Problem of Witt for all n by finding the smallest n for which the two theta series
aren’t equal. Also, the display tells us that the smallest nonzero difference is a cusp
form. Thus, if we know that θ

(n−1)
E8⊕E8

= θ
(n−1)

D+
16

, we can determine whether θ
(n)
E8⊕E8

= θ
(n)

D+
16

by checking:

a(T ; θ
(n)
E8⊕E8

) = a(T ; θ
(n)

D+
16

) for all T : w(T ) ≤ 8n

2
√

3
π

We compute the Fourier coefficients using Prop. 5.1.1.

5.2.2 The n = 3 Case

Witt proved that θ
(2)
E8⊕E8

= θ
(2)

D+
16

, so I will start by checking the n = 3 case. In order to

determine whether θ
(3)
E8⊕E8

= θ
(3)

D+
16

, we need to check whether a(T ; θ
(3)
E8⊕E8

) = a(T ; θ
(3)

D+
16

)

for all [T ] ∈ Xn with w(T ) ≤ 4
√

3/π ≈ 2.2.
We can take T to be Minkowski-reduced, so T has dyadic trace:

w(T ) = a+ b+ c− |d| − |e| − |f |+ min{|d|, |e|, |f |}

We know that T has positive integers on the diagonal because T ∈ X3, so:

w(T ) ≥ 1 + 1 + 1− |d| − |e| − |f |+ min{|d|, |e|, |f |}

We need at least two of |d|, |e|, |f | to be equal to 1/2 to get the dyadic trace below
2.2. The remaining coordinate can be set equal to 1/2 also, but we would get the
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same dyadic trace either way. It turns out that it doesn’t matter what we pick for
|d|, |e|, |f |, because the resulting matrices are all Gram matrices for the well-known
lattice A3 (scaled by a factor of 1/2). That is,

1

2
A3 =

1 1
2

1
2

1
2

1 1
2

1
2

1
2

1

 ∼
1 1

2
1
2

1
2

1 0
1
2

0 1

 ∼
1 1

2
0

1
2

1 1
2

0 1
2

1

 ∼
1 0 1

2

0 1 1
2

1
2

1
2

1


We will use the first Gram matrix in that display.

Furthermore, it is easy to see that there are no other matrices in Xn with a smaller
dyadic trace. We cannot make the off-diagonal entries any bigger without making the
diagonal entries bigger because of the Minkowski condition. But if we were to, say,
set c = 2, then we would need to increase e and f for the matrix to still have a small
dyadic trace. But if we make e, f bigger, then a, b would also have to increase because
of the Minkowski conditions, and we will not be able to subtract enough to keep the
dyadic trace below 2.2.

We want to know how many ordered triples (v1, v2, v3) ∈ D+
16

3
have Gram matrix:〈v1, v1〉 〈v1, v2〉 〈v1, v3〉

〈v1, v2〉 〈v2, v2〉 〈v2, v3〉
〈v1, v3〉 〈v2, v3〉 〈v3, v3〉

 =

2 1 1
1 2 1
1 1 2


Because D+

16 is an even lattice, the smallest nonzero value that 〈v, v〉 can take is 2.
As a result, we can restrict our attention to vectors v ∈ D+

16 of minimal length. The
minimal vectors of D+

16 take the form ±ei ± ej, where 1 ≤ i < j ≤ 16. There are(
16
2

)
ways to choose i, j, and 4 vectors for each choice of i, j, so D+

16 has 480 minimal

vectors.
By symmetry, we can set v1 = e1 + e2 and multiply the total by 480. The first

thing to do is count the number of v2 we can choose that satisfy 〈v1, v2〉 = 1. Clearly,
if 〈v1, v2〉 = 1, then v2 = e1 ± ej or v2 = e1 ± ej for some j > 2. There are 14
choices for j, and each choice of j corresponds to 4 different vectors, so we have 56
choices for v2. Suppose we take v2 = e1 + e3. We count the number of v3 that satisfy
〈v2, v3〉 = 1 = 〈v1, v3〉. By the argument from the previous paragraph, we see that
there are 56 vectors whose inner product with v2 is 1. Of those 56, 26 of those vectors
take the form e1± ej, j > 3, and those vectors are clearly not orthogonal to v1, so we
can discard them. Furthermore, 26 of the vectors take the form e3 ± ej, j > 3, and
those 26 are orthogonal to v1. The remaining vectors are e1 + e2, e1− e2, e3 + e2 and
e3− e2. Of these, only e1− e2 is orthogonal to v1, so we have a total of 27 choices for
v3. By symmetry, there are 480 · 56 · 27 = 725 760 ordered triples in D+

16
3

that have
the desired Gram matrix.

Next, we will compute a(A3; θ
(3)
E8⊕E8

). To do so, we count the number of (v1, v2, v3) ∈
(E8 ⊕ E8)3 with Gram matrix:〈v1, v1〉 〈v1, v2〉 〈v1, v3〉

〈v1, v2〉 〈v2, v2〉 〈v2, v3〉
〈v1, v3〉 〈v2, v3〉 〈v3, v3〉

 =

2 1 1
1 2 1
1 1 2


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For any triple (v1, v2, v3) ∈ (E8 ⊕ E8)3 with Gram matrix A3, it is clear that no
pair of vectors v1, v2, v3 can be orthogonal (since 〈v1, v2〉 = 〈v2, v3〉 = 〈v1, v3〉 = 1).
Thus, the ordered triples we are looking for either lie in 0⊕ E8 or E8 ⊕ 0, so we can
count the triples of minimal vectors for E8 that have Gram matrix A3 and multiply
the result by 2.

The minimal vectors of E8 take one of two forms. There are type one minimal
vectors that resemble the minimal vectors of D8, i.e. vectors of the form ±(ei ± ej).

The number of type one minimal vectors is

(
8
2

)
· 2 · 2, because we choose two of

the 8 coordinates, and then choose a sign for the first coordinate we chose, and then
we choose a sign for the second coordinate we chose. Thus, there are 112 type one

minimal vectors. There are also type two minimal vectors of the form
((
±1

2

)8
)

, and

have an even number of negative signs. We can pick the sign of the first 7 coordinates
freely, and the sign of the final coordinate will then be determined. Thus, there are
27 type two minimal vectors.

First, suppose v1, v2, v3 are all type one. We can set v1 to be any of the 112 type
one vectors. Say v1 = (1, 1, (0)6). We need v2 to have a 1 in exactly one of the
coordinates v1 has a 1. Thus, v2 is either e1 ± ej or e2 ± ej, where j > 2, so we have
2 · 2 · 6 = 24 choices for v2. Say we chose v2 = (1, 0, 1, (0)6). Then v3 is either of the
form e1± ej, where j > 3, or it is (0, 1, 1, (0)5). Overall, we have 29 568 triples of this
type.

Next, we count the triples where exactly one of the three vectors is type two.
Without loss of generality, suppose v3 is type two. We will multiply this total by 3
at the end. We can choose v1 and v2 first; we know there are 112 · 24 ways to choose
them. We need v3’s coordinates to have the same signs as the nonzero coordinates of
v1 and v2. Thus, we know the first three coordinates of v3 are v3 = (1

2
, 1

2
, 1

2
, . . .). The

next four coordinates are free, and the sign of the final coordinate is determined by
the first 7, so we have 24 = 16 choices for v3. Thus, there are 129 024 triples of this
type.

Next, count the triples where exactly one of the three vectors is type one. Again,
take v1 = e1 + e2. We need v2 to start with two positive signs. The next five
coordinates are free, and the final sign of the final coordinate is determined. Thus,

we have 25 = 32 choices for v2. Take v2 =
((

1
2

)8
)

. Finally, we choose v3. We need

the first two coordinates to be positive for 〈v1, v3〉 = 1, and we need the remaining 6
coordinates to have exactly 2 negative signs for 〈v2, v3〉 = 1. Thus, there are exactly(

6
2

)
= 15 choices for v3. Thus, there are 112 · 32 · 15 · 3 = 161 280 triples of this type.

Finally, we count the triples where all three vectors are type 2. Set v1 =
((

1
2

)8
)

.

We need v2 to have exactly 2 negative signs, so we have

(
8
2

)
= 28 choices for v2.

Fix v2 = (−1
2
,−1

2
, 1

2

6
). We need v3 to have the same sign as v1 and v2 in all but 2

coordinates. Thus, the first two coordinates of v3 have different signs, but we can
choose which coordinate is positive. Exactly one of the last 6 coordinates is negative.
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Thus, we have 43 008 triples of this type.
In sum, we found that the number of triples (v1, v2, v3) ∈ E3

8 with the desired
Gram matrix is:

29 568 + 129 024 + 161 280 + 43 008 = 362 880

Because we’re doubling the total, and that number is exactly half of 725 760, the two
theta functions are equal by the Extraction Theorem.

5.2.3 The n = 4 case

We repeat the process for n = 4. There are two Fourier coefficients that matter in
this instance:

A4 =


2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

 D4 =


2 1 1 1
1 2 1 1
1 1 2 0
1 1 0 2


See Poor and Yuen (2002) for a table of matrices in X4 with small dyadic trace.
There are obviously other members of [A4] and [D4] we could have chosen, but these
representatives make computations easiest. Note that for both matrices, the upper-
left 3× 3 submatrix is the matrix we just studied.

Now, consider θ
(4)

D+
16

. We will compute the Fourier coefficient a(A4; θ
(4)

D+
16

). We can

choose v1, v2, v3 first, subject to the constraint 〈v1, v2〉 = 〈v2, v3〉 = 〈v1, v3〉 = 1,
in 725,760 different ways. However, if we chose v1 = (1, 1, 014), v2 = (1, 0, 1, 013),
v3 = (0, 1, 1, 013), there is no choice of v4 that satisfies all 3 equalities. Thus, we
have 26 choices for v3 instead of 27. Say we chose v1 = (1, 1, 014), v2 = (1, 0, 1, 013),
v3 = (1, 0, 0, 1, 012). Then v4 should have a 1 in the first coordinate, and 0’s in the
next 3 coordinates. There’s a ±1 somewhere in the last 12 coordinates, so we have
24 choices for v4. Thus,

a(A4; θ
(4)

D+
16

) = 480 · 56 · 26 · 24 = 16 773 120

Now we count a(A4; θ
(4)
E8⊕E8

). First, we count the 4-tuples whose components
are all type 1. We get the result almost immediately from the work we did for
a(A4; θ

(4)

D+
16

). There are 112 choices for v1 and 24 choices for v2. Say we take v1 =

(1, 1, 06), v2 = (1, 0, 1, 05). We cannot take v3 = (0, 1, 1, 05), since there will be no
choice of v4 that works given that choice, so v3 is of the form (1, 0, 0, . . .), with a ±1
somewhere in the remaining 5 coordinates. Thus, we have 10 choices for v3. Say we
take v3 = (1, 0, 0, 1, 04). It is clear that v4 has a 1 in the first coordinate, and a ±1
somewhere in the final four coordinates, so we have 8 choices for v4. In sum, we have
215 040 4-tuples of this type.

Now count the 4-tuples with 3 type 1 vectors. Take v1 to be the type 2 vector.
We have 128 choices for v1; suppose we take v1 = (1

2

8
). We can choose any type

1 vector for v2, as long as it has positive 1’s in both nonzero coordinates. Thus,
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there are

(
8
2

)
= 28 choices for v2. If we take v2 = (1, 1, 06), then the entries of

v3 are nonnegative, and v3 has a nonzero coordinate in exactly one of its first two
coordinates, and one of its final six coordinates. Thus, there are 2 · 6 = 12 choices
for v3. Finally, v4 can be (0, 1, 1, 05) or it can have a 1 in the first coordinate and
a 1 in one of the final 5 coordinates. Thus, there are 6 choices for v4, so there are
128 · 28 · 12 · 6 · 4 = 1 032 192 4-tuples of this type.

Next count the 4-tuples with 2 type 1 vectors and 2 type 2 vectors. Take v1 =
(1, 1, 06), v2 = (1, 0, 1, 05). Note that there are 112 · 24 ways we could have selected
v1 and v2. We need v3 to have positive signs in the first 3 coordinates, and an
even number of minus in the remaining five coordinates. Thus, we have 24 = 16
choices for v3. Take v3 = (1

2

8
). We need v4 to have positive signs in its first three

coordinates, and exactly 2 negative signs in the remaining 5. Thus, we have

(
5
2

)
= 10

choices for v4, and

(
4
2

)
= 6 ways we could have assigned the types, so there are

112 · 24 · 16 · 10 · 6 = 2 580 480 4-tuples of this type.
Next count the 4-tuples with only one type 2 vector. We can choose v1, v2, v3 in

the same way as the final case in the n = 3 section. There are 43,008 ways to choose
v1, v2, v3. Say we chose v1 = (1

2

8
), v2 = (−1

2

2
, 1

2

6
), v3 = (−1

2
, 1

2
,−1

2
, 1

2

5
). We need the

two nonzero coordinates of v4 to match signs with the corresponding coordinates in
the other three vectors. Thus, the first three coordinates of v4 are all 0, and there are

two 1’s in the final 5 coordinates. Thus, we have

(
5
2

)
= 10 choices for v4. Since any of

the four vectors could have been the type 2 vector, there are 43 008 ·10 ·4 = 1 720 320
4-tuples of this type.

Finally, we count the 4-tuples whose components are all type 2. Choose v1 =
(1

2

8
). Recall that the inner product of two type one vectors is 1 if and only if their

coordinates have different signs in exactly 2 places. Thus, we have

(
8
2

)
choices for v2.

Say we choose v2 = ((−1
2
)2, (1

2
)6). We need v3 to have different signs from v1 and v2 in

exactly two positions. Thus, one of the first two coordinates of v3 must be negative,
and one of the final 6 coordinates is negative. Say we choose v3 = (−1

2
, 1

2
,−1

2
, 1

2

5
).

Finally, we need v4 to differ in sign from the other three in exactly 2 spots each.
Again, exactly one of the first two coordinates for v4 can be positive. If we take the
first coordinate to be positive, that forces v4 = (1

2
,−1

2
,−1

2
, 1

2

5
). Otherwise, we can

take the first coordinate to be negative, and the second coordinate to be positive. In
that case, we have exactly one negative sign in the final six coordinates. If we place
that negative sign in the third coordinate, then v3 = v4, which won’t work. Thus, the
final negative sign can be in any of the final five coordinates, so we have a total of 6
choices for v4. In sum, we had 128 choices for v1, 28 choices for v2, 12 choices for v3

and 6 choices for v4, so there are 258 048 4-tuples of this type.
Overall, there are:

215 040 + 1 032 192 + 2 580 480 + 1 720 320 + 258 048 = 5 806 080
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4-tuples of minimal vectors for E8, so a(A4; θ
(4)
E8⊕E8

) = 11 612 160. Since:

a(A4; θ
(4)

D+
16

)− a(A4; θ
(4)
E8⊕E8

) = 16 773 120− 11 612 160 = 5 160 960 6= 0,

it follows that θ
(4)

D+
16

6= θ
(4)
epe. Furthermore, this solves the Problem of Witt:

θ
(n)

D+
16

= θ
(n)
E8⊕E8

⇐⇒ n ≤ 3

Since we’ve solved the Problem of Witt, there’s no reason to compute the Fourier
coefficients for D4. However, it might interest the reader to know that:

a(D4; θ
(4)

D+
16

) = 2 096 640 a(D4; θ
(4)
E8⊕E8

) = 7 257 600

so:

a(D4; θ
(4)

D+
16

)− a(D4; θ
(4)
E8⊕E8

) = −5 160 960 = a(A4; θ
(4)
E8⊕E8

)− a(A4; θ
(4)

D+
16

)

The fact that those two differences are inverses of one another is not a coincidence. It
is shown in Poor and Yuen (2002) that the Fourier coefficients of a Siegel cusp form
f ∈ S8(Sp4(Z)) satisfy a(A4) + a(D4) = 0. The difference of our two theta series is
the well-known Schottky form, a Siegel cusp form.



Appendix A

Algorithms

This section gives a sketch of some of the algorithms referenced in the thesis.

A.1 Completing a Square

This algorithm allows us to find representations for positive matrices as positive linear
combinations of dyadic squares of vectors in Rn.

For S =

[
s11 c′

c S̃

]
∈ Pn, define:

S2 = S̃ − s−1
11 cc

′ V1 =

[
1 s−1

11 c
′

0n−1 In−1

]
Then one readily verifies that:

S =

[
s11 0′n−1

0n−1 S2

]
[V1] = s11e1e

′
1[V1] +

[
0 0′n−1

0n−1 S2

]
[V1]

Furthermore, S2 ∈ Pn−1. To see this, compute that:

S[

x1
...
xn

] = s11(x1 + s−1
11 s12x2 + . . .+ s−1

11 s1nxn) + S2[

x2
...
xn

]

Thus, for all

x2
...
xn

 ∈ Rn−1, if we set x1 = −
∑n

j=2 s
−1
11 s1j, then by positive definiteness

of S, we have:

0 ≤ S[

x1
...
xn

] = s11(x1 − x1) + S2[

x2
...
xn

] = S2[

x2
...
xn

]
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As a result, we can repeat the process to obtain a representation of S2 as vv′+S3.
The algorithm terminates when we get to Sn−1, and finding a dyadic representation
for a matrix in P1 can be done by hand.

Note that if S ∈ Pn(Q), then the dyadic representation we get from completing
the square will be defined over Q.

A.2 Matrix Reduction

A.2.1 Legendre Reduction

The Legendre reduction algorithm takes matrices in S ∈ P2 as input, and outputs a
unique, representative matrix in the same equivalence class.

Let

[
a b
b c

]
∈ P2. The Legendre reduction algorithm is:

1. First, check that a ≤ c. If a > c, replace S by:

S[

[
0 −1
1 0

]
] =

[
0 1
−1 0

] [
a b
b c

] [
0 −1
1 0

]
=

[
c −b
−b a

]
and go to step 2.

2. Second, check that 2|b| ≤ a. If 2|b| > a, define:

λ =

⌊
− b
a

+
1

2

⌋
and replace S by:

S[

[
1 λ
0 1

]
] =

[
a b+ λa

b+ λa c+ 2λb+ λ2a

]
.

Now 2|b| ≤ a, but we’ve made c smaller. If so, go back to step 1. Otherwise, go
to step 3.

3. Finally, if b < 0, replace S by:

S[

[
1 0
0 −1

]
] =

[
a −b
−b c

]
.

The output is clearly in the same GLn(Z)-equivalence class as S, and satisfies:

0 ≤ 2|b| ≤ a ≤ c.

Note that the last step is optional, but performing it ensures we have a unique class
representative.
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A.2.2 Minkowski Reduction

Definition A.2.1. Minkowski Reduced Matrix
Let S ∈ Pn. We say S is Minkowski reduced if:

1. S[v] ≥ skk for all k ∈ {1, . . . , n} and all v ∈ Zn such that the tail (xk, . . . , xn)
is primitive.

2. sk,k+1 ≥ 0 for all k ∈ {1, . . . , n− 1}.

A Minkowski-reduced matrix has a geometric interpretation. For a Gram matrix of
some lattice to be Minkowski-reduced, it must be generated by a basis β = {v1, . . . , vr}
with the property that S[v1] = m(S), and each successive vi minimizes S[·] as much
as possible. See Conway and Sloane (1999) for a more detailed description of a
Minkowski-reduced basis.

There exist various reduction algorithms that take arbitrary matrices S ∈ Pn as
input, and output a matrix S̃ ∈ [S] that is Minkowski-reduced. See Zhang et al.
(2011) for examples. I can not present a useable Minkowski-reduction algorithm,
because doing so would require an additional chapter on reduction algorithms.

For a 3× 3 Minkowski-reduced matrix:

S =

a d e
d b f
e f c


the Minkowski-reduced conditions are equivalent to the following system of inequali-
ties:

0 < a ≤ b ≤ c, 2|d|, 2|e| ≤ a, 2|f | ≤ b,

2(±d± e± f) ≤ a+ b (odd # of minus signs)
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